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Abstract

®

CrossMark

As the field of soft robotics grows and new applications for this technology are discovered, the
use of simplified models for the soft actuators found in these devices will be critical. In this
study we explore arguments based on the magnitude of field gradients that arise in the ionic
polymer-metal composite (IPMC) under large applied voltages and their use for approximating
measures of the fields inside the polymer. Using the order-of-magnitude based arguments
provides exceptional results for quantifying the field measures of maximum ionic concentration
and electric potential within the bulk of the polymer. These measures are leveraged to
reconstruct the fields themselves in such a way that the internal bending moments generated
inside the actuator may be approximated. With the internal moments, a simplified kinematic

model may be used to formulate the steady-state actuator response of the IPMC. This actuator
model shows a great deal of accuracy as compared to a full multiphysics model, and we discuss
the prospects for future development of this model to account for dynamic actuation.

Keywords: multiphysics modeling, soft-robotics, biomimetics, ionic polymer-metal composites,
electroactive polymers

(Some figures may appear in colour only in the online journal)

1. Introduction

The ionic polymer-metal composites (IPMC) is a type of elec-
troactive polymer based smart material which exhibits both
electromechanical (actuation) and mechanoelectrical (sens-
ing) behaviors [1-3]. These materials find applications among
the fields of robotics, biomimetics, and soft-robotics due to
their low voltage inputs (0.5-2 V), large deformations, relat-
ively fast response speed (0.1-5 Hz), and capability to operate
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underwater [4—6]. The IPMC is fabricated from a thin mem-
brane of ion conducting polymer composited with surface
electrodes [7-13].

The transduction phenomenon of the IPMC is explained
by the existence of fixed charges attached to the polymer
backbone and mobile charges within the interstitial struc-
ture of the membrane. Mobile ions migrate under the applic-
ation of an externally applied voltage, dragging with them
solvent molecules [ 14—20]. This redistribution of ions and gen-
erates an osmotic pressure that works along with electrostatic
forces to deforms the IPMC [3, 21-25]. Conversely, mech-
anically deforming the material creates a pressure gradient
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in the porous membrane and advective redistribution of
solvent and ionic species which in turn establishes a charge
imbalance and detectable electrical signals in the electrodes
[3, 26-30].

The current state of modeling IPMC actuators is expansive,
encompassing many methodologies and techniques to formu-
late models reaching all scales of complexity. Some works use
the microstructure of the ionic polymer as a basis for devel-
oping the modeling framework [23, 31], while others lever-
age transport equations, such as the Poisson-Nernst-Planck
(PNP) system, with classic structural mechanics to create a
multiphysics model of IPMC transduction [14, 32-38].

More recent works leverage continuum thermodynamics
to construct models that are derivable from potential func-
tions [24, 39-42]. Some recent works focus on a thermody-
namically consistent formulations and examine more complex
behaviors due to porosity, steric effects, layered microstruc-
ture, and the nature of back relaxation phenomena [24, 43-45].
What all of these have in common is their goal of coup-
ling the electrochemistry of migrating ionic species to the
mechanical deformation of a solid structure. In this study we
use a slightly modified form of the classic PNP and struc-
tural mechanics formulation. These equations are cast in the
nondimensional formulation recently developed by the present
authors [44]. Using this multiphysics model as a basis, we
look to develop rough approximations to the electrochemical
fields using arguments based on the orders of magnitude of
the relevant field gradients. These measures are leveraged to
reconstruct approximations to the fields to be used in a sim-
plified kinematic model for the steady-state deformation of
the IPMC.

2. An order-of-magnitude model for the IPMC
actuator

Here we develop order-of-magnitude (OoM) estimates of key
values characterizing the steady-state electrochemical fields of
IPMC materials. These measures are then leveraged to con-
struct a simplified actuator model in an attempt to formu-
late an estimation of the steady-state tip displacement and
angle. The goal of these efforts is to establish a closed-
form mathematical model to estimate the performance of a
cantilever IPMC that may be used in control systems for
IPMC enabled soft-robotics. In particular, we construct a
model that effectively accounts for both forward displace-
ment and back-relaxation to achieve the steady-state deform-
ation of the IPMC strip, and we discuss extensions of the
model for dynamic actuation and sensing as avenues of future
study.

2.1. Estimating maximum ion concentration and bulk electric
potential

We leverage a simplified multiphysics framework than that
found in [44], in which we neglect the effects of the inter-
stitial pore fluid, coupled solvent-ion transport, and consider
lossless electrodes. The resulting equations form the PNP

Table 1. Dimensionless groups with descriptions and shorthand
names.

Dimensionless
group Physical description Shorthand name
Ilg = 1 Aspect ratio of IPMC as Aspect ratio
h length vs thickness
II; = Pac = Driving input for IPMC Driving
Fdac Pun actuator/electromigration potential
RT
(ab,h ) ’
\n
IIg = Stress contribution due Maxwell
Ce to electrostatic/Maxwell number
tensor
IIy = RTcy o Stress contribution due to Osmotic number
Ce osmotic pressure
II,0=C., Poisson ratio of linear Poisson ratio
elastic material
s =z4 Charge number for Mobile charge
mobile ionic species number
119 = i = Ratio of ionomer Reciprocal
g\ d thickness to Debye double layer
By ] S0 screening length
eRT

equations coupled to a linear elastic model with the modified
strain tensor; a modeling framework used throughout literat-
ure [32, 33, 35, 46, 47]. We remark on a few of the notational
aspects of the model as derived in [44]. Firstly, underbars are
used to denote the tensor rank of a quantity. For instance, the
scalar molar concentration (rank-0 tensor) is written as c, the
vector of the displacement field with a single underbar (rank-1
tensor) as u, and the Cauchy stress tensor (rank-2 tensor) as
o. During the derivation the governing equations are nondi-
mensionalized. In this process the use of an accent hat is used
to denote the dimensionless quantity (e.g. the nondimensional
stress tensor is written as o). Lastly, in the nondimensionaliz-
ation process the physical constants are collected into dimen-
sionless groups (I1I-groups). Those II-groups relevant to this
model are provided in table 1.

The Driving Potential is a dimensionless measure of the
actuation voltage magnitude, and is formed by the character-
istic applied potential, ¢, ., and the thermal voltage, ¢,. Val-
ues for the remaining material properties and physical con-
stants used to construct these dimensionless II-groups are
provided in the appendix in table 2. The nondimensionalized
governing equations, as rendered at steady state, are obtained
as:

~ ~~ II?
~V-Vo=-L(-1) (la)

15
v (@Hmsew):o (1b)
6 QT:(), ézémech +§ion +§pol (le)
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Figure 1. Illustration of concentraiton and electric potential fields in IPMC membranes. The simplified graphic above highlights the
relations between maximum and bulk concentrations, as well as driving potential and bulk potential. The illustration greatly simplifies the
functional form of these fields but captures the general behavior for constructing approximations for these key field values.
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Note the use of a partially linearized Green-Lagrange strain
tensor, E*, which accounts for a small degree of rotational
deformation in the kinematic model [48]. These equations can
be interpreted as follows: Poisson’s equation (la), Nernst-
Planck equation (1b), mechanical equilibrium and stress
decomposition (Ic), stress components (1d)—(1f), Green-
Lagrange strain (1g), infinitesimal strain tensor (14), infinites-
imal rotation tensor (17). Additionally, we have a relationship
between the dimensionless groups Ilg, ITy, IT;s, and 119 given
below [44]

2
ngng(ﬁﬁ . 2)

This analysis primarily leverages the cation flux (Nernst-
Planck) equation. The Nernst-Planck equation governs the
electrokinetic phenomena of the mobile ions under the influ-
ence of diffusion and electromigration. In the case of an IPMC,
the mobile ionic species are bound within the membrane, and
hence along the external surfaces of the membrane an ion

blocking condition is enforced. At steady state, the Nernst-
Planck equation, when combined with the ion blocking con-
dition, relates the gradients in the concentration and electric
potential fields. Upon integration and application of the ion
blocking condition we are left with

Vé+11,5¢Ve = 0. 3)

Now, invoking the knowledge that at high electric potentials
the steepest gradients in electric potential and cation concen-
tration occur at the anode (+) and cathode (—), respectively,
and constitute the majority of the change in these two fields.
The notion of anode and cathode are somewhat ambiguous
in a dimensionless setting, but we retain the convention as if
the applied potential were positive on the upper electrode and
we have a mobile cationic species. These gradients occur over
short length scales near the polymer-electrode interface, and
these interface regions are what we call the boundary layers at
each electrode.

At the anode, the electric potential rises from some inter-
mediate value g?)o up to the dimensionless applied potential 117,
while at the cathode it falls to zero. Conversely, at the cathode
the ionic concentration rises from its bulk value of 1 up to some
maximum concentration ¢,, and at the anode falls to zero, rep-
resenting full depletion of the species. A schematic of these
fields is provided in figure 1.

Note that equation (3) applies at all points within the mem-
brane and may be read as a relationship between the gradi-
ents in the concentration and potential fields. It is observed
that with increasing applied potential, large II;, the gradients
become asymmetric and both fields exhibit a very large gradi-
ent at one electrode in particular, which electrode depends on
the polarity of the mobile ion and the applied voltage, but
here it may be assumed that concentration rises at the cath-
ode while the potential rises at the anode. Herein lies the key
to establishing the approximations for maximum concentra-
tion and bulk potential. For the sake of exploration, we look
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leverage equation (3) and compare the large gradients in con-
centration and electric potential which occur at opposing elec-
trodes. Hence, we relate the magnitude of large gradients in
concentration at the anode with that of the potential at the
cathode, i.e.:

Ve =|msevs). . 4)

At the anode the concentration is linearized with respect to
the bulk value. The gradient terms are approximated using the
secant curve rising from the bulk to maximum value of the
concentration or potential, and the distance over which this
increase from the bulk occurs is assumed to be equal at the
cathode and anode. With this, we formulate an equation relat-
ing the maximum ionic concentration and the bulk electric
potential

en—1= (Tl — o) Tys. )

This serves as one equation for two unknowns, the maximum
concentration and bulk potential. To obtain another equation
we look at just the cathode region. Equation (3) applies at
any point within the membrane, and hence we use this rela-
tion again for the cathode region. Here we again use a sec-
ant curve to approximate the gradients, but the concentration
in the second term of equation (3) is computed as an average
concentration, (¢) _, within this cathode boundary layer. This
value can be determined by assuming a functional form for the
concentration rise in the boundary layer up from the bulk value
of 1 and is determined next

Ve| =|msevs)

& —1=Ths(&)_do. (©)
For the sake of obtaining rough estimation, we assume the
concentration profile is approximately exponential to calculate

the average cation concentration within the cathode boundary
layer
Cm—1

(¢)- = . )

~In(én)

Combining these results, we obtain equations governing the
maximum concentration and bulk potential, which are our key
OoM measures that constitute the basis for constructing a sim-
plified actuator model

E‘m +1In (&m) =1+ H7H15. (8a)

- Cm—1

=(1- I1;. 8b
Po ( H7H15) 7 (8D)
The solution of the concentration equation is given by the
principal branch of the Lambert W function and hence we
obtain the desired approximations below, subscripted with 1
to denote the first approximation

(ém)l =W (exp(l + H7H15)). (961)
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Figure 2. Comparison of multiphysics and OoM model for
maximum concentration. The order-of-magnitude approximation
using the Lambert W function is compared against the multiphysics
model for the maximum concentration. There is a clear
underestimation in the OoM approximation, but it captures the
linearly dominated feature seen in the multiphysics model.
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Figure 3. Comparison of multiphysics and OoM model for bulk
potential. The order-of-magnitude approximation using the Lambert
W function is compared against the multiphysics model for the bulk
potential. The OoM approximation effectively captures the general
shape of the bulk potential as a function of driving potential, but
there is a small underestimation in the approximated value versus
the multiphysics model.

(éﬁo) = (1 ~ Wolexp(1+Th115)) — 1

115. 9b
10, ) 7 (9b)

The result of these equations across a range of applied poten-
tials are provided in figures 2 and 3 for the maximum con-
centration and bulk potential, respectively. We first examine
some limiting behaviors of these measures. For large values
of II; we can leverage the asymptotic expansion for the Lam-
bert W function which, retaining only the first two terms, is
given below [49]
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Wo(x)mln(x)ln(ln(x))+0<ln(ln(x))) . (10)

In(x)

Hence, we may formulate the asymptotic forms of the max-

imum concentration and bulk potential (superscript co) as
provided below.
(ém)]° ~ 1+ 17115 — In(1 + II;1L;5) (11a)
~\%°  In(1+1I;11 In (1 +II;11
( 0) %MEZM. (11b)
117115 s

For small values of II; (superscript 0) we form the Taylor
series expansion of the maximum concentration and bulk
potential about IT; = 0.

NN dc,, 1
(Cm)1 = ¢m (0) + ail, 0H7 =1+ 511 (12a)
"\ 2 dy _ I
(aﬁo)l ~ ¢o(0) + E|0H7 == (12b)

We find that the above expansions for small values of II; agree
with our intuition of the low voltage response in the concen-
tration and potential fields. For very low applied voltages the
bulk potential approaches half the value of applied potential
as II; — 0, indicating a symmetric distribution of the ions
and potential as would be expected in the linear regime of
the multiphysics model. Also note that asymptotic expansion
of the concentration and potential correctly capture the beha-
vior at the point II; = 0 but do not admit Taylor series expan-
sions about this point that correctly capture the linear beha-
vior of the measures as derived from equation (9). That is to
say, equation (11) capture the approximate measures at [I; =0
(e cn=1, (;30 = 0), but their Taylor series expansions about
II; =0 fail to capture the linear response found in equation
(12) about this point.

Using the approximations in equation (9) we find that these
results capture the qualitative behavior of the respective meas-
ures, but under-estimate the amplitude of both the maximum
concentration and bulk potential (see figure 4). Hence, we now
seek to formulate a correction of these approximations to com-
pensate for this behavior.

The simplest adjustment we may make it to assume that
at higher applied voltages the electric potential gradient in
equation (5) may be approximated as occurring across the
full potential drop of the membrane (i.e. the drop at the
anode occurs from II; — 0 as opposed to II; — ég). With all
other equations in the previous analysis remaining the same
(cathode comparison and average concentration) we obtain
the following approximation, subscripted with an * as these
approximations aim to provide a correction to the original
approximations in equation (9) but are ultimately an interme-
diate step.

(E‘m)* =1-+1I;11;5 (13a)
~ - ln(l +H7H15)

Signed Error (%)

Figure 4. Signed error in OoM approximations using Lambert W
function. Both the maximum concentration and bulk potential as
calculated from the OoM approximation show underestimations as
evident by the negative signed error. The error appears to have an
asymptotic decay towards zero within the limited range tested.

Notice we have recaptured the asymptotic behavior for the
bulk potential at large applied voltages, and now have a new
approximation for the maximum concentration that is found
to over-estimate the value as calculated from the multiphys-
ics model. We may use these new estimates to augment the
original analysis and construct more accurate approximations.
From the small and large IT; expansions for the bulk potential
we noted that the asymptotic form fails to capture the limiting
behavior for small II-.

Since the issue in the asymptotic form arises from its inab-
ility to capture the behavior at small IT; we look to selectively
modify this low potential regime. To begin, examine the Taylor
series expansion of the asymptotic bulk potential, along with
an extend expansion of the Lambert W form:

In (14 II;11 1 ILI5)*  (M0Ls)°
(1+11; ls>z<H7H15_< hs)* | (L)

II;s IT;s 2 3
II,11;5)*
_{1h1hs) ) (14a)
4
| — Wo(exp(1+H7H15))—1 I
171135 7
1 (IglLs  (IGI0s)* | (TI0s)° n (IT711;5)°* n
T s 2 16 192 3072
(14b)

Clearly the asymptotic form predicts a vastly different
response for small values of the applied potential. What we
propose here is to construct a function whose Taylor series
expansion about II; = 0 is the difference between these two
series up to some order n, and add this series to the asymptotic
form. The new function that is formed will have the desired
Taylor series expansion of the Lambert W form. To retain the
approximation power of the asymptotic expansion, we require
a function whose Taylor series fits the criteria described, but



Smart Mater. Struct. 31 (2022) 025029

Z J Olsen and K J Kim

40

Multiphysics Model
- = =0OoM Approximation (1)
30 [ OoM Approximation (2)

Maximum Concentration
N
o

0 10 20 30 40
H7

Figure 5. Comparison of new OoM model for maximum
concentration. The new OoM model constructed with elementary
functions effectively captures the linear dominated features found in
the multiphysics model while also correcting most of the
underestimation found in the original, Lambert W based
approximation.

decays to zero faster than the logarithmic term which domin-
ates in our current approximation for large 1I;. In this regard,
we look to utilize a Padé approximant [50], specifically the
[1/2] approximant using the difference between Taylor coef-
ficients of the two series above. Hence, we are looking for a
rational polynomial R (x) given by:

P(x): Po+pi1x
Qx) 1+qix+gx?

R(x) = (15)

Whose Taylor series expansion about x = 0 matches the dif-
ference in series above up to O (x4). We chose low order poly-
nomials to reduce the likelihood of introducing nonphysical
singularities in the denominator of equation (15), and we use
a non-diagonal Padé approximant so that the function decays
to zero appropriately. We formulate this Padé approximant
and construct our final approximation for the bulk potential
as shown below, subscripted with a 2 as this is our second
approximation

. In (1 + II711;5) 4
(%) - B 7o |
2 H7H15 8 + 7H7H15 + §H7H15

(16)

Now turning our attention to the maximum concentration,
both asymptotic expansion and our new estimate show linearly
dominated features for large I1; and capture the behavior at the
terminal point II; =0, and find that a linear combination of
the two suffices for balancing the under and over-estimations
present in each metric, respectively. Specifically, the arith-
metic mean of the two estimates provides an approximation
that retains the characteristics of the asymptotic form, prop-
erly captures the linear behavior for small II;, and effectively
corrects the under-estimation of the original approximation at

Bulk Potential
N

10 £ Multiphysics Model
= = =0oM Approximation (1)
---------- OoM Approximation (2)
0 ‘ ‘ .

0 10 20 30 40

I

Figure 6. Comparison of new OoM model for bulk potential. The

new OoM model constructed with elementary functions effectively
captures the result of the Lambert W based approximation without
introducing significant loss of accuracy.

10 T . -
5, 4
9
S 0f 1
i,
?
e -5
2
n
-10
-15 1 I |
0 10 20 30 40
1_[7

Figure 7. Signed error in OoM approximations using elementary
functions. The new OoM estimates for the maximum concentration
and bulk potential using elementary functions show improvements
over the Lambert W based approximations. For the maximum
concentration, we see the new model over-corrected and leads to an
overestimation (positive signed error) but with lesser magnitude. For
the bulk potential, the general trend in error is the same with only a
small increase in peak error while eliminating the nonelementary
function.

large applied voltages while remaining valid at low applied
voltages

(ém), = 1 +I;1L;5 — In (\/1 —|—H7H15) Can
We find that this new approximation for the maximum con-
centration has corrected some of the error found in the ini-
tial approximation (see figure 5). Furthermore, these new
approximations retain all the characteristics of the original
and incur minimal additional error than those using the
Lambert W function but are written in terms of elementary
functions making them more manageable for future analysis
(see figures 6 and 7).
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Figure 8. Boundary layer variations with increasing driving potential. The boundary layer for the electric potential (top) and concentration
(bottom) evolves with increasing driving potential, sharpening at the cathode (left), where mobile ion accumulation occurs, and widening at
the anode (right), where mobile ion depletion occurs. Arrows indicate direction of increasing I17.

2.2. Evolution of the boundary layers

In the original approximation we implicitly assumed that the
boundary layer width over which the gradients occurred were
equal at the anode and cathode, which sufficed for our needs to
develop OoM approximations for the maximum concentration
and bulk potential. Now we construct a more accurate repres-
entation of these thicknesses and quantify their relationship
to the applied potential and other material properties via the
II-groups. Here we define the boundary layer thickness in the
vicinity of either electrode as the region in which the respect-
ive field deviates 1% from its value in the bulk membrane.

While this definition of the boundary layer should not be
confused with the notion of the mathematical boundary layer
used in the method of matched asymptotic expansions (MAE),
we may use the definition of the MAE boundary layer to gain
some insight into how the physical layers evolve [24, 25, 51].
Under our current dimensionless framework, the boundary
layers as defined in MAE are related to the dimensionless
groups 115 and ITj9

5 Vs
MAE =
19

(18)

To understand how these layers form and evolve with increas-
ing Driving Potential, we leverage the multiphysics model

to construct a variety of concentration and electric poten-
tial profiles for different values of II;, which are provided in
figure 8.

First note the fields have been normalized to a range of
[0,1] within their respective boundary layers so the shape
of each profile may be more easily compared qualitatively.
The overlayed red arrows indicate the direction of evolution
with increasing II;. We find that at the cathode the profiles
evolve significantly less than those at the anode, which are
driven by the ionic depletion that occurs at the anode inter-
face. The fields at the cathode and the electric potential at
the anode feature exponential-like profiles whereas the cation
concentration at the anode has characteristics of a sigmoid
curve.

To capture the evolution of these boundary layers we define
three parameters, the boundary layer thicknesses A and A_
at the anode and cathode, respectively, and the transition zone
thickness 0. . The transition zone thickness is a quantity which
captures the length over which the sigmoid-like drop in con-
centration occurs, illustrated in figure 9.

Using the previous definition for the boundary layer, we
plot the thickness as a function of II; calculated from the
multiphysics model. A preliminary analysis suggests the fol-
lowing models for the boundary layers provide reasonable
approximations
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Figure 9. Illustration of characteristic field shapes in vicinity of
anode. The electric potential features an exponential-like increase at
the anode, while the mobile ion depletes in this region and takes on
a sigmoid-like shape.
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These equations capture both the behavior found using the
multiphysics model for increasing II; as well as the math-
ematical notion of the boundary layer from MAE. With
these definitions for the boundary layer thicknesses a non-
linear fitting in MATLab finds the regression parameters
as =[1.39 3.01 4.49], and yields the following results in
figure 10.

2.3. Stress resultants and order-of-magnitude deformation

With a model for the boundary layer evolution, we need to
establish estimations of the concentration and electric poten-
tial within these layers, which will be used to construct the
stress resultants within the polymer. Noting that the depletion
of the ions near the anode resembles a sigmoid curve across
the transition zone d we leverage the symmetry of this profile
and assume an average concentration of 1/2 within this region.
Throughout the remainder of the boundary layer thickness the
concentration is assumed to be fully depleted and hence we
have an approximate concentration within the anode bound-
ary layer of:

144
C)y = =—. 20
(€)+ N (20)
We form approximate electric potential gradients at both

the anode and cathode using the linear electric potential
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Figure 10. Regression models for anode and cathode boundary
layer thickness. The regression models effectively capture the
boundary layer variations at the anode and cathode as functions of
the driving potential, mobile charge number, and reciprocal double
layer.

gradient over boundary layer thicknesses of A_ and A,
respectively
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The modified boundary layer thickness A;_ will be used
to calculate the electric potential gradient in the vicinity of
the anode and is an effective layer thickness for the poten-
tial field as the exponential-like rise in the electric potential
roughly corresponds with the center of the transition zone of
the ion depletion layer (see figures 8 and 9). We have also
introduced one free parameter o which is used to correct
the underestimation of the electric potential gradients in the
model. Using the average gradients above, without the para-
meter «, there is an over-estimation further away from the
polymer-electrode interface and an under-estimation nearer
the interface. Because the moment arm for the stress increases
as the interface is approached, the Maxwell stress contribu-
tions calculated using the above average potential gradients
would be under-estimated and hence the parameter « is inten-
ded to tune the model to make up for this error and aside
from fitting the boundary-layer thickness using the multiphys-
ics model this is the only free parameter used for tuning
after the other parameters are determined by dimensionless
groups.

We turn to a simplified mechanics model and consider an
Euler-Bernoulli beam. The stress resultant moments defined
according to classical structural-mechanics formulations, and
the contributions to the Cauchy stress tensor via mechanical,
ionic, and polarization effects are presented below, in dimen-
sionless form
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wherein Cp is akin to the flexural rigidity in classic beam the-
ory. We call this quantity the dimensionless beam modulus,
which can be expressed as the ratio of the P-wave modulus to
the Young’s modulus

C 1-1I
CBZﬂZ 10

Ce (1 =2II5) (1 +1Iyp)"

(23)

We define our characteristic resultant moment and obtain
the mechanical, ionic, and polarization moments shown
below

oh*w
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A moment balance then requires the summation of these
moments equates to zero:

M\mech + M\ion + M\pol =0. (25)

And we solve for the dimensionless beam curvature as a
function of the external moments from ionic and polarization
stresses

Mion + Mpol

Cr (26)

k=
The dimensionless transverse deformation could be found
from the curvature using the linear beam relation. We para-
metrize the beam by a local axial coordinate s, and consider
a fixed clamp boundary condition at s = 0. Solving for the
deformation of the beam we obtain the following equations for
the deformed coordinates, maximum displacement (located at
s = 1), and steady-state tip angle

Dimensionless Tip Displacement

—e— Multiphysics Model ‘\
----- OoM Model (beam) ’\\
- = =0oM Model (circular) "~
1.5 ‘ : :
0 10 20 30 40
I,

Figure 11. Comparison of multiphysics and OoM model for
steady-state tip displacement. The linear beam and circular arc
models for the order-of-magnitude IPMC actuator displacement
show great agreement with the multiphysics model for driving
potentials below ~12. Above this, the linear beam model
significantly deviates from the others. Near a driving potential of
~22 the circular arc model deviates from the multiphysics model
due to the circular arc capturing the extreme nonlinear deformation
of IPMC:s as they curl backwards on themselves.
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Figure 12. Comparison of multiphysics and OoM model for
steady-state bending angle. The linear beam and circular arc models
are both calculated from the same curvature, and hence tip angle,
which shows good agreement with the multiphysics model for
driving potentials below ~12. Above this, the models being to
deviate from one another as the OoM model continues to predict an
increasing angle while the multiphysics model, with limited
rotational kinematics, begins to plateau and the predicted geometry
elongates instead of bends.

11,
x(s) =Tgs, y(s) = ( ;s) R, s€[0,1]. (27a)
L
e = 0,0y = ﬂ,em =TII¢k. (27b)
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The transverse deformation is calculated under the Euler-
Bernoulli beam with an assumption of infinitesimal strain and
hence retains no rotational information. If instead we assume
that the moment balance calculated above accurately predicts
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Figure 13. Multiplot of deformed geometry for multiphysics and OoM models. The above subplots demonstrate the capability of the OoM
model to accurately calculate the order of magnitude in steady-state deformation of a simplified IPMC actuator. The linearized

Euler-Bernoulli beam fails to accurately capture the deformed shape behind even small values of the driving potential (<20) but the circular
arc geometry captures the curled shape seen in some IPMC literature.

the dimensionless curvature of the IPMC throughout the range
of applied voltages, we can approximate its deformed geo-
metry as a constant curvature arc, parametrized by a local
arc-length coordinate s, and obtain the deformed coordinates,
maximum displacement, and tip bending angle.
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The appearance of the Aspect Ratio in the denominator of
the displacement is a scaling relation to move from the
coordinates, which is scaled by the ionomer thickness, to
the displacement, scaled by the IPMC length. Note that the
constant curvature equations linearized to those of infinites-
imal strain for small angles 6 = I[Ig. This constant curvature
approximation neglects any coupling due to finite-strains
that may affect the electrochemical fields. Due to the strong
through-the-thickness gradients present in IPMC electro-
chemistry and our previous analysis on the nonlinear kin-
ematics the deformed state should be approximated well
and even predict the large bending deformation at high

applied voltages for which an infinitesimal strain theory
would fail.

A preliminary study finds that o = 7/25 yields satisfactory
results for approximating the order of magnitude for the tip
displacement with a range of applied voltages of 0 < II; < 30,
illustrated below in figures 11 and 12. The bending angle
strongly deviates after ~ 15°, and the OoM model exhibits a
large degree of rotational deformation compared to the moder-
ately nonlinear kinematics. This is expected due to the limited
amount of bending the moderately nonlinear kinematic model
can capture accurately.

We also want to emphasize the reversal of the dis-
placement curve, as predicted by the OoM model, which
occurs as the tip angle passes a critical value after which
the transverse displacement reaches a maximum and the
IPMC strip curls backwards towards the clamped portion.
We illustrate in figure 13 the deformed geometry calcu-
lated using the multiphysics model with moderately non-
linear kinematics alongside that calculated with the OoM
under an assumption the Euler-Bernoulli beam and the
constant-curvature arc.

We can more clearly see the breakdown in even the mod-
erately nonlinear kinematics between the voltages of II; =
20 and II; =30. The error incurred during any linearized
kinematic model manifests as this characteristic elongation of
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Figure 14. Curled actuator shape for literature comparison. The
demonstrated curled actuator shape above utilized the same material
properties as in [52], with an adjustment of the fitting parameter
the geometry and degree of actuation is recovered with good
accuracy.

the IPMC strip and a failure to reflect rigid body rotation. The
OoM model is forced to maintain a fixed length and exhibits
the extreme bending angles found at high voltages.

This curled geometry has been captured by similar mul-
tiphysics models utilizing finite-strain frameworks, with the
same elastic material and ideal dielectric models as presented
here [52]. These models also exhibit the exaggerated back-
relaxation phenomena that is being captured here. We can
compare our OoM model with that literature for these extreme
curled shaped. In the work cited, their actuator in its most
curled state exhibits a transverse and absolute dimensionless
displacement of —0.68 and 1.18, respectively. The current
multiphysics model differs from that just cited in that here
an osmotic pressure is the source of ionic driven actuation,
whereas the cited work uses an eigenstress associated with the
accumulation/depletion of ions. Keeping in mind this differ-
ence, the OoM model was reformulated with material proper-
ties in [52] and the osmotic stress of our multiphysics model
was used. Requiring only a change in the parameter « = 10/13
to bring the model into agreement, the OoM prediction, with a
similar curled actuator geometry (see figure 14), gives values
of —0.648 and 1.18 for the transverse and absolute displace-
ments. We find that the fitting parameter « had to decrease to
compensate for the material property changes which altered
the structure of the boundary layer. In the future, a more soph-
isticated model for the boundary layer with a material prop-
erty driven parameter would be beneficial for formulating an
OoM model that requires no fitting. Regardless, the result-
ing deformed shapes between the two models are akin to one
another and hence provides support for the OoM model and its
representation of these extreme actuator deformations using a
constant curvature assumption.

3. Conclusion

Here we have demonstrated the use of OoM arguments in
approximating key measures for the chemical concentration
and electric potential fields. Using this information, we were
able to construct rough approximations of the fields them-
selves in order to derive closed-form mathematical expres-
sions for the resultant moments for mechanical, osmotic, and
Maxwell stresses within the polymer. Using Euler-Bernoulli
beam theory and a constant curvature arc we obtain lin-
ear and nonlinear kinematic models, respectively, for the
steady-state deformation of the cantilever IPMC. The result-
ing deformation is quantified in terms of the deformed geo-
metry, transverse displacement, and bending angle. Using a
constant curvature arc as a kinematic model provides a non-
linear description of the deformation and is capable of rep-
resenting the curled actuator shapes seen in IPMCs under
large applied electric potentials. These OoM modeling results
demonstrate a high degree of accuracy in the tip deformation
and bending angle when compared with the finite element mul-
tiphysics model.

4. Remarks on future development

This model relied on the existence of sharp gradients at
both polymer-electrode interfaces to construct the approxim-
ate maximum ion concentration and bulk electric potential. In
mechanoelectrical transduction these gradients are not as pro-
nounced. In fact, the ionic species exhibits only small changes
from its bulk value. As such, the current approach may require
modification in order to construct a similar OoM model for the
IPMC sensor.

Currently the lone parameter v must be tuned to fit data
in order to match the established multiphysics models. Future
efforts should establish a link between this parameter and the
other II-groups in the simplified governing equations. In par-
ticular, we know that the Osmotic and Maxwell Numbers both
have marked effects on the boundary layer formation. One
of these parameters may be linked to the Reciprocal Double
Layer that is already in the OoM model of the boundary layer
thickness, but the remaining II-group must be accounted for
and the fitting parameter linked to these groups for a more
complete model. Furthermore, the model is currently only cap-
able of predicting the terminal, steady-state response of the
IPMC actuator. Adding an additional parameter to account
for the reduced back-relaxation during dynamic actuation,
and projection of the static deformed shape onto a set num-
ber of modal shapes for the beam may lead to a model that
can effectively capture the dynamic actuation performance
of IPMC actuators which will find additional use in control
models for robotic systems utilizing IPMCs. Regarding this
final point, the attractiveness of this new model to control
systems is its ability to approximate the deformation with high
accuracy using a compact, closed-form expression. With this
closed-form expression model-based control schemes may be
developed and used on hardware in soft-robotics applications.
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The extension of this model for dynamic actuation will be
important for this endeavor as many of these robotic systems
use IPMC materials as oscillating propulsors.
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Appendix
Table 2. Material properties and physical constants.
Parameter Value Physical units Description
l 40 (mm) IPMC free length
w 10 (mm) IPMC width
h 250 (p4m) IPMC thickness
€ 6 (mF) Dielectric constant
Ce 600 (MPa) Young’s modulus
Cy 0.45 (-) Poisson ratio
D4 1x107" (m2 s_]) Ionic self-diffusivity
4t 1 (-) Cation charge number
F 96485.332 (Cmol™") Faraday’s constant
R 8.31446262 (J molK ™! ) Universal gas constant
T 298.15 (K) Thermodynamic temperature
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