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Abstract

Ionic polymer-metal composites (IPMCs) are functional smart materials that exhibit both
electromechanical and mechanoelectrical transduction properties, and the physical phenomenon
underlying the transduction mechanisms have been studied across the literature extensively.
Here we use a new modeling framework to conduct the most comprehensive dimensional
analysis of IPMC transduction phenomena, characterizing the IPMC actuator displacement,
actuator blocking force, short-circuit sensing current, and open-circuit sensing voltage under
static and dynamic loading. The information obtained in this analysis is used to construct
nonlinear regression models for the transduction response as univariant and multivariant
functions. Automatic differentiation techniques are leveraged to linearize the nonlinear
regression models in the vicinity of a typical IPMC description and derive the sensitivity of the
transduction response with respect to the driving independent variables. Further, the
multiphysics model is validated using experimental data collected for the dynamic IPMC
actuator and voltage sensor. With data collected from physical samples of IPMC materials
in-lab, the regression models developed under the new computational framework are

verified.

Supplementary material for this article is available online
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Nomenclature
Fields, parameters, and operators
Quantity SI units Description
c [mol m~?] Molar concentration
Ci () Material modulus (denoted by index set in subscripts)

<
X
E)

Curl operator

V- [1/m] Divergence operator

Vs [1/m] Surface divergence operator

® -] Dyadic product

D [m*s™'] Diffusivity

dQ [m’] Differential element of domain

ds [m?] Differential element of boundary

de [m] Differential element of curve/path

A -] Dimensionless actuation displacement
d [C m_z} Spatial/Material electric displacement

€ [Fm_l] Dielectric constant

e [Vm_l] Electric field

£ -] Infinitesimal strain tensor

F [Cmol_l} Faraday’s constant

\Y [1/m] Gradient operator

Vs [1/m] Surface gradient operator

h [Oms™'] Flux vector

L, I+ [A] Short-circuit current, Upper (4)/lower (—) clamp current
1 -] Identity tensor

ke [m”s~' Pa Hydraulic permeability

A -] Volume fraction

Ad [m] Debye screening length

s Nt -] Water/Ion transference coefficient

v [m® mol '] Molar volume of fluid constituent

n -] Surface normal vector

Qo,1,000,; -] Domain/Domain boundary (Material, Spatial)
P [Pa] Conjugate pressure

P [Pa] Lagrange multiplier (Lagrange pressure)
IT -] Dimensionless group

P -] Surface projection tensor

0] V] Electric potential

Poc, O+ V] Open-circuit voltage, Upper (+)/lower (—) clamp potential
R [Jmol ~'K] Universal gas constant

p [kgm™] Mass density

" [Qm] Electrode resistivity

o [Pa] Cauchy stress tensor (additive components w/subscript)
t [s] Time

T [s] Timescale (in dimensional analysis)

T (O] Thermodynamic temperature

t [Pa] Surface traction vector

u [m] Displacement field

z -] Charge number

The notation ¢ [(J]” indicates units depend on particular quantity in question
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Subscripts

a Applied value (boundary conditions)

c Characteristic field value (in dimensional analysis)
w Solvent water species

+ Cation species/Upper electrode interface

- Anion species/Lower electrode interface

0 Initial/reference quantity

{E, v} Material moduli (Young, Poisson)

Superscripts

T Transpose (of a tensor/matrix quantity)

Accents/bracket operators
(©)
10

Dimensionless field variable
Average of argument
Surface jump in argument

1. Introduction

1.1. The ionic polymer-metal composite

Ionic polymer-metal composites (IPMCs) are a class of highly
functional smart materials called electroactive polymers
(EAP). These materials exhibit a mechanical response to elec-
trical inputs, (electromechanical transduction) and conversely
an electrical response to mechanical input, (mechanoelectrical
transduction) [1-3]. These energy transduction capabilities
allow EAP materials to be used as both actuators (electromech-
anical), and sensors (mechanoelectrical), and hence find many
applications in robotics, soft robotics, wearable technology,
and biomimetics. The IPMC in particular shows great prom-
ise for the future of robotic engineering and design. These
materials demonstrate large deformations in response to low
voltage electrical inputs (0.5-2 V), relatively fast response
speed (0.1-5 Hz), and operate in underwater environments [4—
6]. The four part series by Shahinpoor and Kim has proven
to be a seminal work, and serves as a source of information
regarding a wide range of topics relating to IPMCs such as
modeling, fabrication, and applications in modern technology
[7-10]. More recent reviews have demonstrated the trajectory
of IPMC research and development, and highlight the ongoing
interest in these materials for advanced actuators and sensors
[11-13].

1.2. Nondimensional multiphysics modeling framework

A new multiphysics modeling framework for IPMC materi-
als has recently been developed which utilizes a finite-strain
formulation, accounting for hyperelastic material models and
the porous structure of the polymer membrane [14]. The gov-
erning equations were derived from a scalar thermodynamic
free energy potential formed as an additive decomposition
of the skeletal free energy in terms of mechanical, ionic,
solvent, polarization, and volumetric components. This work
also presented a comprehensive nondimensionalization of the
kinematically linearized governing equations, with a complete
list of dimensionless II-groups, see table 1, which define the

degrees of freedom parametrizing the transduction behavior of
the IPMC.

The nondimensional form of the governing equations, writ-
ten in terms of the II-groups, are obtained directly from [14]
but presented here with a brief explanation for completeness.
The electrochemical behavior of the IPMC is governed by the
interaction of mobile ionic species inside the polymer and the
electrical connections to the external surface electrodes. Inside
the polymer, the electric potential obeys Poisson’s equation:

(1.1

whereas the electric potential in the electrode domain is calcu-
lated via differential Ohm’s law. In this model, the electrodes
are treated as purely superficial, i.e. having zero thickness, and
relation between the surface current density in these domains
and the displacement current inside the membrane form the
following equation which holds along the surface electrodes

VS'V3¢:H17% (V(;Sn) (1.2)
wherein V is the (dimensionless) surface gradient operator,
which is defined along surfaces in the domain topology (i.e. 2D
surfaces for 3D domains and 1D boundaries for 2D domains)
and is computed using what’s called the surface projection
tensor, P. The surface projection tensor is a rank-2 tensor that

extracts the components of an entity which lie along the sur-
face with outward normal n. The surface gradient, surface
divergence, and the surface projection tensor are defined below
[14-17]

Vs(0)= V()P (1.3a)
Vs (0)=tr (v () g) (1.3b)
P=I-non (1.3¢)
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Table 1. Dimensionless groups describing IPMC actuator and sensor transduction.

Dimensionless group Physical description Shorthand name

II, = w0 Initial ratio of solvent to mobile ionic species Concentration number
C+,0
I, = DM Ratio of diffusivity in solvent and mobile ionic species Diffusion number
+
I3 =vicypo Initial volume fraction of ionic species ITonic fraction
12 . L . . .
= Relative volume of solvent to ionic species on molar basis Solvent size
vy
k/Ce . . e . .
IIs = Dﬁ Hydraulic advection versus diffusive transport Hydraulic number (Olsen-Kim 1)
+
l . . .
Il = 7 Aspect ratio of IPMC as length vs thickness Aspect ratio
II; = % = % Driving input for IPMC actuator/electromigration Driving potential
th
()
IIg = h Stress contribution due to electrostatic/Maxwell tensor Maxwell Number (Olsen-Kim 2)
Ce
RTc o . . .
Iy = C +0 Stress contribution due to osmotic pressure Osmotic Number (Olsen-Kim 3)
E
I =C. Poisson ratio of linear elastic material Poisson ratio
Iy, = ngy Number of solvent molecules transported via mobile ions Solvent drag coefficient
T, . . . . . .
My,=-%2= th pc—i‘l Mechanical versus diffusive timescales Mechanical dynamics
D
2 - . . ..
I3 =mpw = ;’j—:’ Driving frequency for dynamic loading Driving frequency
c_ . o . . .
Iy = =0 Ratio of fixed to mobile ion concentration at electroneutrality Electroneutrality number
C+,0
IIis =z4+ Charge number for mobile ionic species Mobile charge number
ITi¢ = = Ratio of charge numbers for fixed and mobile ionic species Charge ratio
i+
T S .. . . . .. . .
My == % Resistive versus diffusive timescales Resistive dynamics (Olsen-Kim 4)
Tp
ITig = ‘;’L Driving input for IPMC sensor/advective migration Driving displacement
h 2 . . . . .
Il = SV hF ZJ;C,:T’O Ratio of ionomer thickness to Debye screening length Reciprocal double layer
d

4 Recreated from [14].

. . . II ¢ IT, 11
wherein tr(0) is the trace operator. Inside the membrane, 1 + S ! 5 2
the cation and solvent species experience coupled diffusion, f’z;l+ — HlH% Cw 1T,
electromigration, convection, and saturation driven transport Iy ey + < LT
phenomena LI ¢y Cw 113,
1, cw cy LN
oc s SN | ERPNR rr 2
j_ =V VC‘+ +H15C+V¢+JC+V,P nlo= C+ Cw 1_Ill (1 5)
Ot H9 dw ¢ 4 H] H2 .
Iy, —< e
~/ LS H3 H4 SN Cw 11
+H1H2nd+ Ve, + ¢ VP L. . . .
9 In the derivation of the governing equations, the porosity
of the membrane evolves according to a similar transport rela-
+15¢4,V (@ — 77)) . (1.4a) tion but is constrained via the saturation condition to account
for the total volume for an ideal mixture of ions and solvent
. ., species. This constraint is achieved via the Lagrange multi-
OcCy, _ . ( Ny (@&jL i H153+@ ¢E + 113 &y @75) plier, P, which is named the Lagrange pressure. The Lagrange
ot 1L 1o pressure works in conjunction with the conjugate pressure,

©, which is work conjugate to the volume expansion of the
solid membrane. The difference in these two pressures, { — ﬁ
found in the transport relations is the pore pressure of the sat-
urating fluid. Under the influence of the Lagrange pressure, the
porosity is constrained to the follow:

~ II-11 ~A A
+10, (vew+ s 4awv7>)
Iy

FTI5e, ¥ (@—ﬁ)) (1.4b)
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N =115 (64 + I TLé,) . (1.6)

Conservation of linear momentum leads to a statement of
mechanical equilibrium between the inertial effects of the
combined solid/fluid porous medium, external loading, and the
internal stresses within the IPMC. In this model, the fluid iner-
tia effects are ignored along with any external body loads, lead-
ing to the following equilibrium equation:

(1-3) H%Qg—; =V-s.

The Cauchy stress tensor, &, is additively decomposed

(1.7)

into mechanical, osmotic, and polarization contributions along
with the conjugate pressure to obtain the effective stress in
the membrane. These components and the decomposition are
defined below

Qmech + gOsmotic + pol — {:)é (1861)
o . 1 1L R .
Dnech — 1+ (1 _2H10tr(5)£+5) (1.8b)
gOsmolic = H9 [(1 - &+) +Hl (1 - 6W)} é (186‘)
5 1] 1/~ - .
G =ls(dod— E(d d); (1.8d)
11 1 [ Ao—A 3
=3 - S HIEVei | (1.8e)
v 3(1—2H10)1—>\<1—/\0 ¢ )

wherein the osmotic component accounts for osmotic pressure
due to both ionic and solvent species redistribution, and the
polarization component gives rise to the Maxwell stress. In
the Maxwell stress, the dimensionless electric displacement is
related to the dimensionless electric potential as d ng The

mechanical component amounts to an isotropic, hnear elastic
material model with the infinitesimal strain tensor suitability
nondimensionalized as:

£= 3T, (W+ (va) T) .

The strain tensor is itself a nondimensional quantity, but
in the process of nondimensionalization of the governing
equations there is a characteristic scaling of the strain tensor,
evidenced by the occurrence of the aspect ratio (Ilg) in the
above definition. In the cited work, it was demonstrated that
when formulating the II-groups on the basis of an actuator or
sensor formulation there are slight differences in the result-
ing set of physically independent II-groups. In particular, the
driving potential (II7) characterizes the magnitude of the input
voltage for an IPMC actuator, whereas the driving displace-
ment (II;g) takes its place for an IPMC sensor. More inter-
esting is that in the actuator derivation the Maxwell number
(ITg) arises whereas in the sensor derivation this dimension-
less number is not found and, in its place, the reciprocal double

(1.9)

layer (I1;9) is obtained [14]. A short analysis demonstrates that
these two dimensionless numbers are not physically independ-
ent and hence cannot occur in the same set of II-groups for
characterizing the transduction phenomena. The relationship
between the reciprocal double layer, charge number, osmotic
number, and Maxwell number is given below, the utility of
which will be demonstrated later

(1.10)

The electromechanical response of an IPMC can manifest
in the displacement of the material as well as produce an actu-
ating force. Thus far, the equations provided can be combined
with simple displacement boundary conditions to simulate the
actuator displacement. To simulate the force response of the
IPMC some further considerations are necessary. When con-
strained, the IPMC produces an actuating force. In measuring
this force value, the IPMC is typically placed against a force
transducer such that the sensor blocks the IPMC deformation,
and hence the resulting load is commonly referred to as the
IPMC blocking force. Here the model is extended to allow
for simulating the blocking force of the IPMC. Considering a
2D model of a cantilever IPMC our approach to constraining
the IPMC deformation is the application of a surface traction
to the free end. This traction vector will be used to constrain
the transverse deformation of the thin cantilever strip, which
is assumed to be aligned lengthwise with the x-axis and the
through-the-thickness direction with the y-axis. The surface
traction applied at the tip of the IPMC can be expressed as:

ES!

The value of this applied traction is zero in the x-
component to leave the axial deformation unconstrained. The
y-component of the applied traction takes a value of —tr, the
negative of the traction load generated by the force transducer.
The value for this traction is calculated as a Lagrange multi-
plier imposed to constrain the average transverse tip deflection
to be zero, i.e.

(1.11)

(v) =0, onOS . (1.12)

Ultimately the total reaction force offers a better metric by
which to compare the multiphysics model to potential exper-
iments. The total reaction force, R, is found by integrating
the surface traction across the domain boundary which it is

applied, hence
R= / tRAS.

Oip

(1.13)

The surface traction may be nondimensionalized using
characteristic stress, and using equation (1.13), a nondimen-
sional reaction force may be computed as:

/ 1rdS.

8Qlip

_ o.wh
F. F.

(1.14)
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If we assume the IPMC to have a rectangular cross-section
of width w and thickness 4, and define our characteristic force
as F, = o.wh one arrives at the following relation between the
nondimensional blocking force and the applied surface trac-
tion calculated as a Lagrange multiplier

Ip = /2Rdz?:iR. (1.15)

89lip

The Lagrange multiplier may be easily implemented in the
weak formulation for a finite element model and provides a
simple approach to simulating the blocking force of the IPMC.

Like in electromechanical transduction, the mechano-
electrical response of IPMC materials exhibits two distinct
modes depending on the external electrical connection of
the electrodes, short-circuit current and open-circuit voltage.
The short-circuit sensing current can be established on as
the difference of the surface currents entering the superfi-
cial electrodes, or as the difference in displacement current
integrated along the electrode-polymer interface, all while
both electrodes are short-circuited to ground. In this work
equation (1.16a) is used to compute the dimensionless short-
circuit current

I1; :isc:*HL ((@ngnc> - (@SQE ﬁc)+
. (1.16a)
LC——</Z 82<Vq£-ﬁ)d2—/i 5(% Q)dﬂ
(1.16b)

The open-circuit voltage can be established as a floating
potential for one of the electrode contacts while the other
remains grounded. In this model the open-circuit voltage is
computed as the difference between upper (4) and lower (—)
clamp voltages, and the lower electrode domain is grounded,
hence:

Hp:=goc = - — o1 = —¢. (1.17)

The computation of the open-circuit voltage may be accom-
plished by the means of a Lagrange multiplier used to con-
strain the net current flowing through the IPMC to be zero, i.e.
the upper electrode clamp voltage takes on the value of negat-
ive the Lagrange multiplier which constrains the short-circuit
current to be zero at all times.

2. Nondimensional parametric study of IPMC
transduction behavior

The primary objective of this study is to quantify the influ-
ence of each II-group on the IPMC transduction behavior. To
this end, we individually vary each II-group while holding the
remaining groups fixed at a fixed value. Using the material
properties given in [14] we can establish a fixed value for each
II-group around which the parametric study will be performed.

Table 2. Fixed value for IPMC II-groups.

[I-group Value

I, 12.278

I, 70

I1; 1.6754 x 1072
Iy 1.3892

Ils 1.8

I, 160

II; 9.9068

Ils 1.019 x 1077
Iy 5.2419 x 1073
o 0.45

Hll 4

I, 9.2376 x 10710
T3 3125

s 1

I, 7.2 x 10712
;s 0.03

ITy9 226.82

Table 3. Sets of II-group values for parametric study.

II-group Sweep set

I 8,10, 12, 15, 20

I, 2, 10, 25, 50, 100

II; 50%x 107375 % 1073,1.0 x 1072, 1.5 x 1072

L, 1.0x107",5.0x 107", 1,1.5,2.0

I1s 1.0x 107,25 x107",50x 1071, 1,2

e 25, 50, 150, 200

II; —-10, —1, 1, 5, 10, 20, 40

Ilg 1.0x 1072, 1.0 x 1077,5.0 x 1077,
1.0 x 107%,2.0 x 107°

IIo 1.0 x 103,25 x 1073,7.5 x 1073,
1.0 x 1072,2.5 x 1072

o 0.35, 0.4, 0.45, 0.49

I 1,2,3,4,5,6

I, 1x107'",1x1071° 1 x 107°

)5 210, 211, 212, 213’ 14

s -3,-2,-1,1,2,3

I, 1.0 x 107'2,1.0 x 1071°,5.0 x 10719,
1.0 x 107°

s 5%x10731%x107%,5%x 1072, 1 x 107,
25x 107!

o 100, 250, 500, 1000, 2500, 5000

These fixed values are provided in table 2, while the set of
values over which the parameters will be swept are given in
table 3. The transduction behavior for the actuator and sensor
models are characterized for both static and dynamic inputs
then metrics to quantify the results further are formulated and
analyzed.

2.1. Influence of dimensionless groups in IPMC actuators

2.1.1. Tip displacement.  Beginning with the IPMC actuator
model, we sweep each II-group across its respective range and
observe the behavior the transverse tip displacement, I1a, in
time. We first examine the static response of the IPMC to a
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o, - Static response

7 [
-tqc—; —H12 =1E-11
% 02— —H12=1E—10_
§ H12 =1E-9
20151
[m]
()]
B
= 0.1
IS
(2] \
& 0.05
£ B
o

0
0 0.005 0.01 0.015 0.02 0.025 0.03

Dimensionless Time

Figure 1. Static response of IPMC actuator with varying
Mechanical Dynamics.

In the above plot the three time-traces are indistinguishable, indicating that the
IPMC actuator response is essentially invariant to changes in the Mechanical
Dynamics. This amounts to the mechanical balance behaving quasi-statically.

step input of voltage. The dimensionless external potential is
applied to the upper electrode clamp. Here only the results of
those parametric sweeps that were found to be most interest-
ing are presented and discussed, but the results the remaining
parametric studies are provided in the supplemental material
(available online at stacks.iop.org/SMS/31/025014/mmedia).

To begin, we find that the Mechanical Dynamics (II},)
have virtually no effect on the behavior of the IPMC in the
range investigated, shown in figure 1. For a typical IPMC, the
Mechanical Dynamics takes on a small magnitude and only
arises in the governing equations as the leading coefficient of
the acceleration in equation (1.7). This situation renders the
mechanics quasi-static, where the displacement field responds
near instantaneously to the stresses induced inside the mem-
brane. The existence of this small parameter multiplying the
time derivative would allow for a perturbative expansion of
the equilibrium equation to obtain the quasi-static solution at
the zeroth order, and a first order correction that includes the
relevant dynamics. This approach would find use in analyzing
the modal response of IPMCs or possibly in a damped struc-
tural model but is not investigated in this study.

We also find that the Resistive Dynamics (II;7, OK4) have
a marked effect on the initial peak displacement and transi-
ent behavior of the IPMC, but the steady-state response of the
IPMC settles to the same value (see figure 2). This is intuit-
ively understood as the surface resistance affecting the time it
takes for the electric potential along the length of the IPMC
to stabilize. Since the IPMC electrodes are open-circuited at
the terminal end we find the induced displacement currents
settle to zero as time proceeds regardless of the surface res-
istivity, and hence the steady-state is invariant with respect
to the Resistive Dynamics. This also highlights the naming
convention for this II-group, as the resistivity of the electrode
affects the displacement currents, which are by nature transi-
ent and are important for the dynamic behavior but play no
role in the steady-state response for a static input. A similar
behavior is observed in figure 3 with respect to the Solvent

o, - Static response

i I I

"GC')' —H17=1E—12 H17=5E—10
% 0.2 —H17=1E-1O —H17=1E-9 []
@
8015
[ \
)
7]
g \\
= 01 \
Ke)
7]
% 0.05 \ ———
£
[a]

0

0 0.005 0.01 0.015 0.02 0.025 0.03

Dimensionless Time

Figure 2. Static response of IPMC actuator with varying resistive
dynamics.

Unlike with varying Mechanical Dynamics, the Resistive Dynamics show a
marked effect on the static response of the IPMC. This effect though is only
on the initial transience, and does not affect the steady-state deformation.

1I M- Static response

0.35 i T
g 03 _H11=1_H11=4_
g /\ — =2 —1I;, =5
§0_25 H11=3 H11=6%
A\
8 02
2\
© 0.157,
C
Kel
o 0.1
C
@
g 0.05 QN %
0
0 0.005 0.01 0.015 0.02 0.025 0.03

Dimensionless Time

Figure 3. Static response of IPMC actuator with varying solvent

drag coefficient.

Variations in the Solvent Drag Coefficient show a similar characteristics to
those in the Resistive Dynamics, wherein the initial transience is influenced
greatly while the steady-state response is marginally affected.

Drag Coefficient (II;;), whereby there is a marked affect in
the initial transience that fades as the response stabilizes. This
is attributed to the Solvent Drag Coefficient describing the ion
and solvent transport due to transport of one species relative
to another, and hence these effects are dynamic in nature.
Two dimensionless groups that are of interest in the dis-
placement analysis are the Maxwell Number (IIg, OK2) and
the Osmotic Number (ITg, OK3). The Osmotic Number and
Maxwell Number are connected to the osmotic pressure and
Maxwell stress, shown in equations (1.8¢) and (1.8d) respect-
ively. It is widely accepted that the forward deformation mech-
anism is due to the redistribution of mobile ions and so con-
nected to the osmotic pressure, while more recent studies
have connected the back-relaxation phenomena to be cause, in
part, by the asymmetric electric field and the Maxwell stress
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1'[8 - Static response
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Figure 4. Influence of Maxwell number and osmotic number on static displacement.
The Maxwell Number and Osmotic Number, related to the Maxwell stress and osmotic pressure respectively, show an interesting, counterintuitive behavior
discussed in detail within the text.
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Figure 5. Influence of mobile charge number on static and dynamic displacement response.
The Mobile Charge Number has an inverse effect on the static and dynamic displacement. For static inputs the peak displacement decreases with increased
Mobile Charge Number, whereas the dynamic amplitude increases.

[7,9, 18-21]. Hence, these two dimensionless groups deserve
special attention when characterizing the IPMC transduction
behavior. The static response of the IPMC for the parametric
studies of these parameters are presented together in figure 4,
but the discussion of the behavior is reserved until after the
dynamic response has been presented.

To study the response of the IPMC to dynamic input
voltages, a sinusoidal potential was applied to the upper elec-
trode. Much of the behavior found in the static response of
the IPMC is again displayed in the dynamic response. Aside
from the Driving Potential (IT;), we find that the Ionic Frac-
tion (II3), Solvent Size (Il4), Aspect Ratio (Ilg), and Driving
Frequency (II;3) exhibit the strongest effect on the dynamic
actuator response. Interestingly the Mobile Charge Number
has an inverse effect on the dynamic response as compared
with the static response (see figure 5). As the Mobile Charge
Number (IT;5) increases in magnitude the peak static response

decreases while the back-relaxation phenomenon is accentu-
ated, while the dynamic response amplitude simply increases.

We attribute this to the higher charge number being asso-
ciated with stronger electromigration and electrostatic forces,
which not only increases the speed at which the ionic redistri-
bution occurs but also amplifies the effects of back-relaxation
due to the quadratic dependence of the Maxwell stress on
the electric potential. In the dynamic case, we find a large
amplitude due to the increased ionic redistribution and hence
osmotic pressure, but the back-relaxation affects are dimin-
ished for reasons to be explained shortly. First, we have to
examine the dynamic response to variations in the Maxwell
Number and Osmotic Number, given in figure 6.

To facilitate the comparison of the static and dynamic beha-
vior we construct metrics by which to quantitatively compare
the transduction response of the two modes against each other.
For the static input we opt to choose the initial peak response
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Figure 6. Influence of Maxwell number and osmotic number on dynamic displacement.
The Maxwell Number and Osmotic Number, related to the Maxwell stress and osmotic pressure respectively, show an interesting, counterintuitive behavior
discussed in detail within the text.
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Figure 7. Maxwell number and osmotic number displacement metrics.
The displacement metrics better demonstrate the described counterintuitive behavior found in the Maxwell Number and Osmotic Number.

of the signal as our metric, whereas for the dynamic input the
amplitude of the sinusoidal response is extracted via discrete
Fourier transform (DFT). These metrics will be used to com-
pare the static and dynamic response for actuator displace-
ment, current sensing, and voltage sensing and the full results
are provided in the supplemental material. Here we present the
results for the Maxwell Number and Osmotic Number in the
case of the actuator displacement in figure 7.

Comparing the static and dynamic metrics we see that both
the Osmotic Number (Ilg) and Maxwell Number (IIg) note the
counterintuitive effect these dimensionless groups have on the
actuator response. In the static response, we find that increas-
ing the Osmotic Number leads to a decreased peak displace-
ment and increased back relaxation effect, while increasing the
Maxwell Number leads to a significant increase in peak dis-
placement with a marginal effect on the back-relaxation of the
steady-state. The converse is true for the dynamic response,
wherein we find that with an increase in Osmotic Number
there is a corresponding increase in actuator amplitude, and

for an increase in Maxwell Number there is a small decrease
in amplitude. This observation is counterintuitive because, as
stated previously, the Osmotic Number and Maxwell Number
are directly tied to the osmotic pressure and Maxwell stress,
respectively, and hence one would expect that an increase
in either dimensionless number would have a corresponding
increase in their respective stress contribution. This interesting
behavior is connected to the discussion regarding the physical
independence of the II-groups as it pertains to the actuator and
sensor formulations. The initial analysis found a connection
between the Reciprocal Double Layer, Mobile Charge Num-
ber, Osmotic Number, and Maxwell Number [14], which was
reiterated in equation (1.10).

It is already known that in IPMC electrochemistry under
a dimensionless framework the PNP system is found to be
singularly perturbed in space, that is, there is a small para-
meter multiplying the highest order spatial derivative in the
equations, and in this case it arises in the Poisson equation
for electrostatics, equation (1.1), [21-23]. This leads to the
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Figure 8. Concentration boundary layer with respect to osmotic and Maxwell numbers.
The above plots demonstrate the effect of increasing the Osmotic Number and Maxwell Number on the boundary layer that forms in the concentration field at
the polymer-electrode interface.

formulation of boundary layers in the vicinity of the polymer-
electrode interface which facilitate the application of perturba-
tion methods in forming semi-analytic solutions to these prob-
lems [22-25]. These boundary layers are regions in which the
solution varies rapidly from its value outside of the layer, in
the bulk of the membrane. Of interest to us is the relation of
the currently established II-groups with this boundary layer
formation near the polymer-electrode interface. Blending the
dimensionless framework used here with the techniques used

in literature, the perturbation expansion parameter would be
taken as [14, 21-23]:

ivall 11
§=Y"1 _ L 2.1
L9 IIoII;s

This number is small for a typical IPMC, and hence is use-
ful in the previously mentioned asymptotic techniques. As this
quantity decreases in value the boundary layers sharpen and
we find an increase in the asymmetry of the electric poten-
tial. Due to the quadratic nature of the Maxwell stress, the
asymmetry in electric potential gradients is key to this stress’s
contribution to back-relaxation phenomenon, and hence an

increase in the asymmetry is linked to an increase in back-
relaxation and a corresponding decrease in forward displace-
ment of the IPMC. These effects on the boundary layer are
illustrated below for the ionic concentration, electric poten-
tial, and electric field in the through-the-thickness direction in
figures 8—10 respectively.

Now we can make sense of the curious behavior seen in
the parametric study on the actuator displacement. For the
static response, an increase in the Osmotic Number leads to
a sharpening of the boundary layers and increased Maxwell
stress-induced back-relaxation. Increasing the Maxwell Num-
ber counterintuitively diminishes the influence of the Max-
well stress by broadening the boundary layers and reducing
the asymmetry in the electric potential profiles. This allows
for the osmotic pressure to dominate, leading to higher peak
and steady-state displacements.

Looking at the dynamic response we saw the opposite
trend. This is explained by the fact that back-relaxation occurs
over a longer timescale. This is true for back-relaxation due
to solvent back-diffusion, as well as for the Maxwell stress
induced back-relaxation. In regard to the Maxwell stress, the
delay in the onset of back-relaxation may be attributed to the
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Figure 9. Electric potential boundary layer with respect to osmotic and Maxwell numbers.
The above plots demonstrate the effect of increasing the Osmotic Number and Maxwell Number on the boundary layer that forms in the electric potential at
the polymer-electrode interface.

time it takes for the electric potential field to stabilize and
form asymmetric boundary layers. For dynamically applied
voltages, the internal electric potential is constantly vary-
ing and hence the asymmetry in the boundary layers have
little time to establish themselves. This leads to a dimin-
ished effect of both the Osmotic Number and Maxwell Num-
ber on the boundary layer thickness, and hence the overall
electrostatic back-relaxation is of minimal influence. The end
result is that under a dynamic voltage input with increasing
Osmotic Number, the corresponding sharpening of the bound-
ary layers is nullified by the electric potential being constantly
varied throughout the membrane and hence the increase in
osmotic pressure dominates, leading to increased displace-
ment response. For the Maxwell Number, we see only a min-
imal influence on the displacement amplitude as its effect
scales the magnitude and influence of the Maxwell stress,
which is diminished due to the asymmetry in electric poten-
tial being not fully establishing itself because of the transi-
ent nature of the potential field. Additionally, this explanation
extends to the behavior seen in the Mobile Charge Number and
the differences in the static and dynamic response with respect
to variations in this dimensionless group.

2.1.2. Blocking force.  Turning now from the actuator dis-
placement to the blocking force generation, the same para-
metric study is performed here, and the complete results are
provided in the supplemental material. Without presenting
all of the cases here, we note that the results of the para-
metric study for the actuator blocking force near identic-
ally match those of the actuator displacement, differing only
in magnitude, and with the one exception of the Aspect
Ratio (see figures 11 and 12, respectively, for example).

This curiosity applies to both the static and dynamic
response and inspires further investigation. To probe this beha-
vior, we look to leverage the closed form solutions for beam
bending found in introductory texts on structural mechanics. In
particular, under the assumptions of infinitesimal linear elasti-
city, uniaxial stress, and a Hooke’s law stress—strain relation
the tip deflection of a cantilevered beam under an applied
point load at the free end has an analytical solution. Trans-
lating this solution into the current dimensionless framework,
one can write the following relation between the dimension-
less deflection, I, and dimensionless applied load, IL% . The
superscripted asterisk denotes the load as calculated via linear
structural mechanics
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Figure 10. Electric field boundary layer with respect to osmotic and Maxwell numbers.
The above plots demonstrate the effect of increasing the Osmotic Number and Maxwell Number on the boundary layer that forms in the electric field at the
polymer-electrode interface.
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Figure 11. Influence of driving potential on static displacement and blocking force.
The driving potential, a measure of the applied voltage used as an input to the electromechanical model, has a marked effect on the static displacement
response. A nearly identical behavior is found in the blocking force among almost all IT-groups.
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Figure 12. Influence of aspect ratio on static displacement and blocking force.
The Aspect Ratio is the sole parameter for which the actuator displacement and blocking force exhibit different responses. While in the displacement we find
a roughly linear increase with increasing Aspect Ratio, the blocking force exhibits an asymptotic decrease.

L1

) p—
R4

(2.2)

A common practice in linear structural mechanics is to
invoke the principle of superposition, wherein the response
of a beam to combined loading is the superposition of the
beam’s response to each loading separately. This would imply
that we may calculate the [IPMCs reaction force by first allow-
ing the IPMC to deform, and then use the above relation to
calculate the force needed to negate the resulting deforma-
tion. Here we do not presume that the internal loading of the
IPMC will necessarily follow the principle of superposition,
but instead look for a relation between the true dimensionless
blocking force, II, calculated as a one-parameter function of
the approximation from linear structural mechanics, i.e.

llr =f(Ilz). (2:3)

Such a relation would characterize the blocking force trans-
duction response entirely in terms of the dimensionless actu-
ator response, forming a powerful connection between the two
transduction modes that may be leveraged in experiments or
design studies. The dimensionless blocking force according
to equation (2.3) is calculated directly from the previously
obtained actuator displacement results. Here we establish the
following relations between the true and linear beam reaction
force for static (2.4a) and dynamic (2.4b) inputs

4 110

e = ~IT% = — —2 24

RT3RTIIE (2:40)
29 29Tl

Mg = 105 = 2 =2 2.4b

RT2 R g4I (2.45)

The fitting coefficients were fit qualitatively via trial and
error and then formulated into low complexity rational num-
bers just for the sake of demonstration. These relations offer
remarkable performance in approximating the blocking force

as calculated from the multiphysics model for being derived
from linear structural mechanics and inspired by the principle
of superposition (see figures 13 and 14).

In the plots below the reaction force as calculated in the
multiphysics model with the Lagrange multiplier is rendered
as the line, whereas the force calculated using (2.4a) or
dynamic (2.4b) are rendered in symbols. In the static response
the symbols are spaced logarithmically to capture the initial
transience without overcrowding the plot, but the data itself is
equally spaced in time and the logarithmic spacing is simply
post-processing for visualization. In the dynamic response we
use equally spaced symbols, but only the last period of the
response is presented for easier visualization of the results.

The relation in equation (2.2) also explains the sole discrep-
ancy in the match between actuator displacement and block-
ing force results with respect to the Aspect Ratio. This can
be explained further as while the actuator tip displacement
increases with increasing IPMC length, the internal stresses
via osmotic pressure and the Maxwell stress generated within
the membrane are roughly invariant with the length of the
membrane. Hence, as the IPMC length increases so does the
moment arm, and thus the force delivered at the tip of the
IPMC decreases with increasing length from a moment bal-
ance perspective. Due to the similarities in the results for the
actuator displacement and blocking force, and the derived rela-
tionship between the two, the static and dynamic response met-
rics for the blocking force are not explored.

2.2. Influence of dimensionless groups in IPMC sensors

2.2.1. Short-circuit current. ~ Turning our attention to the
mechanoelectrical transduction, we first consider the short-
circuit current sensing in IPMC materials. Using essentially
the same suite of parametric sweeps, we characterize the static
then dynamic response. In place of the Applied Potential, we
sweep across values for the Applied Displacement. Similarly,
the Maxwell Number is replaced by the Reciprocal Double
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Figure 13. Comparison of multiphysics and linear beam static blocking force results.
In the above multiplot, the static blocking force as calculated via Lagrange multiplier in the multiphysics model (lines) is compared with that calculated from
the displacement response via linear beam theory (symbols).

Layer. In the static response, in place of a step input we use a
ramped displacement that reaches peak magnitude after 1 s in
conventional (dimensional) time. This is translated back into
a dimensionless framework using the characteristic time. Dur-
ing the analysis it was found that the static and dynamic current
sensing response were quite similar, and hence the key results
can be summarized by looking at only the metrics as described
earlier.

We note that unlike the static actuator response, the
Diffusion Number plays a minor role while the Hydraulic
Number takes on significant importance for the static cur-
rent response (See figure 15). Furthermore, the Osmotic Num-
ber and Solvent Drag Coefficient have negligible effects on
the current (see the supplemental material). The underlying
reason for these observations is the difference in driving forces
behind both electromechanical and mechanoelectrical trans-
duction mechanisms. In electromechanical transduction the
driving force is the applied electric potential that induces the
ionic redistribution. These electromigration affects are highly
nonlinear and very strong in comparison to the diffusive and
hydraulic effects. In contrast, mechanoelectrical transduction
is driven by deformation induced pressure gradients inside the
membrane causing advective redistribution of the mobile ions
and solvent. The level of redistribution is significantly less than

in electromigration, and hence the induced osmotic pressure
and electric field are weaker. Furthermore, the diffusive effects
associated with coupled solvent-ion transport are reduced due
to the advective transport acting to move both solvent and ionic
species together, and hence we expect the Diffusion Num-
ber to be less important as it characterizes a relative transport
effect between the two species. Hence, we would reasonably
expect that the Hydraulic Number to play a dominant role in
mechanoelectrical transduction as this II-group characterizes
the strength of the bulk advection of the solvent and ionic spe-
cies, the latter of which is the generation of the sensing current.

Additionally, both the Resistive Dynamics (figure 16) and
Reciprocal Double Layer (figure 17) have a strong influence on
the current response. The sensing current is seen to decrease
sub-linearly with the Resistive Dynamics. Making allowances
for some variation due to resistive effects, a given level of
deformation should lead to approximately the same level of
ionic redistribution due to advective effects in of the bulk fluid
moving through the porous structure. The sublinear features
noted in the current sensing metrics can then be seen to reflect
macroscopic Ohms law behavior, where for a given voltage
an increase in resistance leads to a decrease in current with a
linear relationship. As for the Reciprocal Double Layer, we see
that increasing this value, and hence decreasing the scale of the



Smart Mater. Struct. 31 (2022) 025014

Z J Olsen and K J Kim

<107 II, - Dynamic response

2=\

0 /

—H1=8 —H1=15
2L
5 —TII, =10 —1II, =20
7 1 1

s

Dimensionless Blocking Force

Dimensionless Blocking Force
o

-3¢ Im, =12 N
i I I
4.2 4.25 4.3 4.35 4.4 4.45
Dimensionless Time %103
| 108 I, - Dynamic response
0.5 %f -v%“"ws\
i '
05 e,w”g — =1 —I,=20 \
77 —I,=5 ——TI,=40
97 m,=10
i I I
4.2 4.25 4.3 4.35 4.4 4.45
Dimensionless Time %107

<10 II; - Dynamic response
1.5
<
L1
< 05
§ o= oo
@ 0 B O~
@ b—e—0 ’\\\ —a—s
205 L
) NS
g 7 //" —— I, =25 — I, =150 \
1S
£ 15 —— Tl = 50 ——TII = 200
a 6 6 J
/‘/ I I ] N
4.2 4.25 4.3 4.35 4.4 4.45
Dimensionless Time %1073
<107 IT,, - Dynamic response

N

N

'
-

Dimensionless Blocking Force
N o

Waa\

N

) 4

7

\

i

— 1, = 1E-12 n17=55-1tx\\\o_~<

——I,, =1E-10 ——1II,, = 1E-9 %
i i I I
4.2 4.25 4.3 4.35 4.4 4.45
Dimensionless Time %107

Figure 14. Comparison of multiphysics and linear beam dynamic blocking force results.
In the above multiplot, the dynamic blocking force as calculated via Lagrange multiplier in the multiphysics model (lines) is compared with that calculated
from the displacement response via linear beam theory (symbols).
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Figure 15. Influence of diffusion number and hydraulic number on IPMC current sensor metrics.

The above demonstrates a fundamental shift in the underlying physics driving the electromechanical and mechanoelectrical transduction. In the case of
electromechanical transduction the diffusion and coupled solvent and ion transport played an important role, the bulk advection of the species was minor.
Here we show the reverse is true for mechanoelectrical transduction, wherein bulk advection in the pore fluid is one of the major underlying phenomena
driving the IPMC response.
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Figure 16. Influence of the resistive dynamics on IPMC
short-circuit current metrics.

Our analysis finds that the short-circuit current response decreases sub-
linearly with increasing Resistive Dynamics, indicating that the effects of res-
istive electrodes degrade the performance of the IPMC as a current sensor.
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Figure 17. Influence of the reciprocal double layer on IPMC
short-circuit current metrics.

The Reciprocal Double Layer has a curious influence on the sensing current,
wherein we find an increase initially, but the effects decrease as the double
layer narrows.

double layer region, we obtain higher sensing currents. This
is explained in connection to the thinner double layers char-
ging more quickly and inducing larger charge in the electrodes
which drive the sensing current. As a final note, we very little
phase change or amplitude variation with Driving Frequency,
and the current response displays a linearly increasing phase
lag with increasing Reciprocal Double Layer, with a total shift
of ~17° across the range of parameter values tested.

2.2.2. Open-circuit voltage.  Finally, we look at the open-
circuit voltage response of the IPMC. Again, we repeat this
same analysis for the open-circuit voltage response under
static and dynamic loads and follow up with an analysis on
the voltage metrics under these conditions across a set of
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Figure 18. Influence of the hydraulic number on IPMC open-circuit
voltage metrics.

As was the case in current sensing, the Hydraulic Number plays a major role
in the voltage sensing response. Here we find a roughly linear relationship
between the voltage metric and the Hydraulic Number.
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Figure 19. Influence of the aspect ratio on IPMC open-circuit
voltage metrics.

As was the case in current sensing, the Hydraulic Number plays a major role
in the voltage sensing response. Here we find a roughly linear relationship
between the voltage metric and the Hydraulic Number.

[I-values that capture the interesting aspects of this transduc-
tion mode. As with the short-circuit current the static and
dynamic response demonstrate nearly identical behavior when
using their respective metrics to compare the two input types
and hence can use these results to explore the transduction
behavior.

Again, the osmotic and diffusive effects play a second-
ary role in the open-circuit voltage response while the bulk
pore fluid has a significant impact via the Hydraulic Num-
ber (figure 18). The same arguments for explaining this phe-
nomenon in the current sensor model apply here to the
voltage response. Interestingly, we find that the Aspect Ratio
(figure 19) plays a substantial role in the voltage response,
whereas it had virtually no role in the current response.
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Figure 20. Influence of resistive dynamics on IPMC open-circuit
voltage metrics.

The open-circuit voltage metrics show a sub-linear increase in the response
with increasing Resistive Dynamics. This is described within the manuscript;
for a level of deformation the ionic current generated remains roughly the
same, and hence with increasing resistance one finds an increase in voltage.

We also find a somewhat reduced influence from the Res-
istive Dynamics (figure 20) as compared to the current sensing
model, and a starkly more complex behavior when it relates to
the Reciprocal Double Layer for both the static and dynamic
inputs (figure 21) with what a damping of the initial voltage
peak for the static response, and a significant phase shift and
amplitude variation in the dynamic response.

Of particular interest to us is the relationship to the Recip-
rocal Double Layer, where a strong degree of phase shift
is observed as this II-group lowers in value. As we saw in
the actuator model with Resistive Dynamics, the Reciprocal
Double Layer introduces an additional timescale associated
with the double layer formation

TD

- 2.5
M 2.5

X =

We see that there is a reciprocal relationship between this
timescale and the II-group (hence our naming convention).
Intuitively, an increase in the Reciprocal Double Layer indic-
ates thinner ionic double layers, which are capable of char-
ging faster and hence feature faster dynamic behavior. As this
value decreases, the double layer charging slows, and we see
additional dynamic effects in the open-circuit voltage response
associated with this timescale. When looking at the influence
of the Reciprocal Double Layer on the dynamic voltage phase
we see this reciprocal dependence on the II-group, and hence
a direct dependence on the double layer timescale 7, shown
in figure 22.

Furthermore, we find that the dynamic voltage response
shows a significantly higher degree of decay (figure 23) and
phase shift (figure 24) with increasing Driving Frequency as
compared to the dynamic current response. We calculate the
phase by finding the complex angle between the peaks in input
and output signals obtained from the DFT analysis. This res-
ult makes the phase relation more explicit, wherein we can see

that the dynamic voltage response transitions from lagging to
leading the displacement input after IT;9 ~ 1000. The leading
behavior of IPMC voltage sensing has been demonstrated pre-
viously in experimental settings [26]. There is a phase shift
induced with changing Resistive Dynamics, but again these
are negligible and amount to ~3° across the range of the para-
metric sweep.

3. Constructing regression models using
dimensionless groups

With the significant insights obtained in the proceeding ana-
lysis, we now look to constructing functional relationships that
capture some of these results in the form of regression mod-
els. To this end, we have restricted our analysis only to that
of dynamic actuator displacement and dynamic open-circuit
voltage sensing. The goal is to obtain regression models that
can be used to predict the behavior of the full multiphysics
model within the vicinity of our operating point (i.e. the para-
meters given in table 2). Formulating a regression model for
the actuator/sensor metrics is a tall order as the problem exists
in a high-dimensional solution space (one dimension for each
[I-group). Hence, we first look to establish a means of reducing
the complexity of the regression problem into a larger number
of more manageable sub-problems.

3.1. Decomposition of the transduction response

To begin, note the influence of each individual II-group on
the metric in question could be easily regressed in a one-
dimensional solution space and each metric plot presented in
the supplemental material was constructed by varying a single
[I-group while the remaining II-groups are held fixed. The
fixed values for the II-group effectively describe an origin of
the high-dimensional solution space in which we are attempt-
ing to formulate a regression model. The metric plots can
then be imagined as slices of an unknown function along the
coordinate axes of this high-dimensional space which corres-
pond to each independent II-group.

In order to formulate a regression model for the desired
transduction response we leverage the physical independence
of the II-groups and propose that the IPMC response may be
approximated by a multiplicative decomposition of the vari-
ations with respect to each II-group individually. To elaborate,
given some unknown function fthat describes the transduction
response with respect to the set, {II}, of relevant II-groups.
By holding all II-groups fixed except II; we find the response
can be modeled as a one-dimensional function, f; (II;), i.e. the
behavior captured in our parametric studies

S [, = £ (1) - (3.1

Our proposal is that the complete response f may be approx-
imated by a multiplicative decomposition of these single II-
group functions

SHIY) = fi () f2 (ILp) -« £ (I1,) - (3.2)
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Figure 21. Influence of the reciprocal double layer on static and dynamic voltage response.
The Reciprocal Double Layer is found to have a stronger influence on the open-circuit voltage as compared to the short-circuit current response, exhibiting
amplitude and phase variations in the static and dynamic cases.
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Figure 22. Reciprocal double layer induced phase shift in dynamic

voltage response.

Discussed in the text, the variation of the Reciprocal Double Layer induces
considerable phase change in the dynamic voltage response due to double
layer charging effects operating on a timescale related to this dimensionless

group.

This methodology is taken as a means for simplifying the
high-dimensional regression problem at hand. By embarking
on this approach, we are able to model each II-group’s indi-
vidual influence on the respective transduction metric, which
is a simple one-dimensional regression problem. In the com-
ing analysis, we define presumptive functional forms which
are capable of capturing the behavior of each II-group.

One further layer of simplification is a pruning of the set of
[I-groups into a smaller subset of parameters which are found
to have the most influence on the transduction response in
question. For example, in the previous analysis we found that
IIs and II;, had nearly no effect on the dynamic displacement
response, and IIg had only a small influence. Hence, these
dimensionless numbers are removed from the set of II-groups
and thus allow for a smaller parameter space to be used.

104 H13 - Dynamic response

SR Y Y Y Y
o A IAUA AR A A A
g 1
©
> 05
[}
(%]
L 0
c
kel
2-0.5
g
£ 11— _ 510 _ 512 _ 514H
[a) — =2 Hg=27" ——I;;=2
- _ 511 _o13

15 | 0p=2 —15=2

V1 v V1 ') V1 ')
0 2 4 6 8

Elapsed Input Cycles

Figure 23. Influence of driving frequency on dynamic open-circuit
voltage.

The open-circuit voltage exhibits an amplitude decrease with increasing fre-
quency, typical of dynamically actuated IPMCs.

3.2. Regression model for the dynamic actuator
displacement

Here we establish the presumptive functional forms, provided
in table 4, which will be used to regress the effect of each
[I-group on the dynamic actuator displacement. These func-
tions are obtained by first looking for low order polynomi-
als that may suitably regress the data within the range of
interest. If a reasonable low order polynomial cannot be fit to
the data, we expand the function class to rational polynomi-
als which offer more control over the asymptotic behavior of
the function. In some instances, a rational polynomial of low
order could not reasonably fit the data and so more ‘exotic’
function combinations were tested. These included looking at
the decaying or rising behavior of the response and trying to
characterize this in terms of fractional powers, exponentials,
logarithms, and hyperbolic functions. Additionally, the use
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Figure 24. Driving frequency induced phase shift in dynamic voltage response.
Discussed in the text, the variation of the Reciprocal Double Layer induces considerable phase change in the dynamic voltage response due to double layer
charging effects operating on a timescale related to this dimensionless group.

of symbolic regression with the GPTips toolbox was conduc-
ted on some metric plots to gain additional function combin-
ations to explore [27]. In the end, the final function form was
decided manually, using all of the previous approaches along
with engineering judgment for the problem at hand. To regress
each of these functions we use the ‘nlinfit’ function in MAT-
Lab for nonlinear fitting. We use a termination tolerance on the
estimated coefficients of 1079, a tolerance on the residual sum
of squares of 10~7, and bisquare robust fitting is implemented.
With this approach, we obtain the regression provided in the
supplemental material. In each of the one-dimensional models
the regression coefficient with the highest subscript is used to
normalize the function with respect to multiplication which is
used when assembling the model according to a multiplicat-
ive decomposition. The regression coefficients, after normal-
ization, are be used as initial guesses for a nonlinear fitting
routine in MATLab.

For the dynamic actuator, we obtain the multiplicative
model shown in equation (3.3). Notice that by normalizing the
individual components we have reduced the total number of
regression coefficients in this multiplicative model. To be spe-
cific, for n individual one-dimensional models, we reduce the
total number of regression coefficients by n — 1 using the mul-
tiplicative decomposition

A = Bolle [TT;] (1 + 51T, + B1117)
Bs — B/l + B7 — Bsll — 1)
1 1L
X( I 1 +exp (=55 (2 — B4))
x (14 BoIl3 + Biolls) (1 + Bl + Biolly)
Biall}y + BisIp + 1
1 — 200,
)
3.3)

X (1 + 513H9)
Bi7

X (1t Biell) <log(1 + BisILiz) + Bio N

X (14 B tanh (521 |Iis| + B22))

x( B2 +1>.

V14 Bully

To visualize how well this model predicts the transduc-
tion response of the dynamic actuator, we concatenate all
of the data points used in the parametric sweeps already
presented. This data is sorted for easier visualization and plot-
ted against the length of this sorted dataset. This condenses
the high-dimensional data into a more easily digestible two-
dimensional representation.

Demonstrated in figure 25 we find the multiplicatively
decomposed model demonstrates a high degree of accuracy in
predicting the transduction response and is an effective means
for reducing the complexity of the high-dimensional regres-
sion. Again, the regression coefficients some error metrics
for this result are provided in the supplemental material. To
quantify the fit, we calculate the coefficient of determination,

r2, and the adjusted-r2, rgdj, as below:
2 > (i =)
rr=1- 7’2 (3.4a)
=)
1 )2

Cn—p =1 (- ()

wherein y; are the data points being fit, y; are the model pre-
dictions, (y) is the mean value of the data set, n is the num-
ber of data points in the set y;, and p the degrees of free-
dom of the model (i.e. the number of regression coefficients).
The adjusted-r> metric modifies the traditional coefficient of
determination to address the tendency for additional model
parameters to increase the 2 value by merely reproducing
the original data without providing an improved summary or
interpolation of the data. For this model we find these values
as r> = 0.99904 and r3;; = 0.99571. The two r* measures are
provided for each of the one-dimensional models in the sup-
plemental material.

To extract further insights into the multiplicative regres-
sion model we look to linearize the model about fixed values
described by the values in table 2. To this end, we require the
gradient of the regression model, and hence the first partial



Smart Mater. Struct. 31 (2022) 025014

Z J Olsen and K J Kim

Table 4. Actuator regression models for individual II-groups.

Dimensionless
group Description of function form Regression function
I, Quadratic BIII3 + BoIl; + B3
. i . B3 — Bav'Ila + Bs — Boll — B
II Linear-to-Root w/Logistic Transition IL+67+
: : R P )
I1; Quadratic BIIT3 + G215 + Bs
I Quadratic BiTl; + Balls + B3
Il Linear B1lls
11, Linear w/Sym. g
Iy Linear Billy + 2
Mo Quadratic w/Pole (BilTTy + BoIlio + B3) / (1/2 —T11o)
Iy, Linear Billi1 + B2
3 Decaying Log B1/ (log (BoIliz + 1) + B3) + B4
s Hyperbolic Tangent w/ Sym. Bitanh (B2 [TLis| 4 B3) + Ba
I, Decaying Root B1/vVT+ BaIlis + B3
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Figure 25. Bar graph of multiplicative dynamic actuator model performance.
The individual regression models are combined multiplicatively to obtain a single model for the dynamic actuator response. The above graph demonstrates
the capability of this subproblem to multiplicative decomposition approach for high-dimensional regression modeling.

derivative with respect to each of the independent II-groups.
The complexity of such an expression for our current regres-
sion model defeats the purpose of simplifying the model with a
linearization, and so we calculate the necessary gradient com-
ponents using automatic differentiation (AD) [28]. In particu-
lar, we use an operator overloading AD approach as described
in [29], where the code developed by that author is used as
a basis for the ‘valder’ (value-derivative) class. By declaring

20

each II-group as a valder object with an appropriate gradi-
ent we may simply compute the displacement metric at the
fixed values and automatically obtain all necessary first par-
tial derivatives to construct the gradient and hence a linear-
ization of the regression model. The partial derivatives for
the displacement model are provided in table 5. Using an
extension of the Taylor series for multivariant functions, we
can form the linear approximation as:
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Table 5. First partial derivatives for multiplicative dynamic actuator model.

Partial derivative Value Partial derivative Value
olla 4 Olla _6
oIl 6.9983 x 10 oI, 9.4341 x 10
Olla 0 Olla 5
olL 1.6728 x 10 oI, 1.7299 x 10
olla 4 olla _3
oIl 1.2461 x 10 oIl 2.0125 x 10
aHA —1 aHA —3
1.334 1 —7.974 107"
o, 3348 x 10 Bl 7.9748 x 10
Olla 3 Olla _6
4.141 107 —6.1524 x 1
oIl 6 x 10 oIl 5 6.1524 x 10
6HA ) aHA 7
Oll,s 1.9224 x 10 oIl 1.3635 x 10
0.12 ‘
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Figure 26. Bar graph of linearized multiplicative dynamic actuator model.
The multiplicative model is linearized in a multivariant Taylor series fashion using the first partial derivatives obtained from AD methods.

Olla
oIl

Tam~Tao+ Y
II,e{I1}

(IL; — I, o) (3.5)

i},

wherein II; o is the fixed value of the dimensionless group and
the set of these values is denoted by {II},. Due to the nature
of AD these partial derivatives exhibit no discretization error
and are calculated to machine precision. Here the values of the
partial derivatives are presented to five significant figures.
We find that the linearized model behaves reasonably well
for most values near the point of linearization, but as the
individual terms vary further from their origin value there is
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significant degradation, shown in figure 26. The linearized
model and its construction about an arbitrary point using AD
is an interesting avenue of analysis. Another reason for formu-
lating these derivative components is to quantify the displace-
ment behavior in the vicinity of the fixed values from a sens-
itivity perspective. We calculate the percentage change in the
displacement in response to a change in each of the II-groups.
This gives us a better idea of the sensitivity of the displace-
ment with respect to each II-group than the partial derivative
alone due to the vastly different orders of magnitude that the
individual groups vary within. We can compute the percent
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Table 6. Sensitivity of dynamic actuator amplitude with respect to each II-group.

Expression Percent change (%) Expression Percent change (%)
rr[[;(; 381;[? 43098 x 107! 11112(; ‘erlé 3.3123 x 1072
;Ezi 2£§? 14057 x 10° ;EZi)?;%? 12054 x 10°
;;Zﬁ)iéii 1.0000 x 10° ;EZE i;%f 1.0000 x 10°
IFI[Z‘; a@?ﬁ 3.5094 x 107 Ez’z gﬁfo 1.8000 x 107!
EZL’ ggﬁ 8.3092 x 107! Ezz ggi 9.6433 x 107!
EZS ggi 9.6421 x 107! EZE ggﬁ 4.9241 x 1077

Table 7. Voltage sensor regression model for individual II-groups.

Dimensionless
group Description of function form Regression function
I, Quadratic BiII3 + BoIl; + B3
. . .. B3 + Balog (I + fs) — Belly — 37
I, Linear-to-Log w/Logistic Transition  SeIls + 57 + 1+ exp (=B, (1L — 5))
II; Quadratic BiI13 + Bol13 + B3
I, Quadratic BiII2 + Bolly + B3
I1s Linear 51115
I Decaying Monomial Bi /1
o Monomial w/Root Bi(1/2 =)™ + B5
I3 Decaying Rational (B33 + Ba) / (B I3, + Bolly3 + 1)
IT;s Single Pole w/Sym. B/ |1s|
117 Decaying Rational (BsILi7 + Bs) / (Bill}; + BoIli7 + 1)
IIg Linear Gi1l;s
I Linear w/Quad Pole Bl + ,6’2/1'[%9 + 3

change in displacement in response to a 1% change in a given
dimensionless group II; as:

IL o Olla
IIa OIL;

‘HA —1IIap (3.6)

A

100::‘

From the results provided in table 6 we can see that at
the point of linearization the dynamic actuator displace-
ment is most sensitive (bold) to the Ionic Fraction, Solvent
Size, Aspect Ratio, and Driving Potential and least sensit-
ive (italicized) to the Resistive Dynamics. This follows our
current understanding of IPMC actuation, where the solvent
and mobile ionic species have significant impact on the per-
formance of these materials [30-32]. This encourages future
research endeavors into the optimization of this solvent-ion
paring to obtain high-performance IPMC actuators in dynamic
applications.

3.3. Regression model for the dynamic voltage response

We perform the same analysis for the dynamic open-circuit
voltage response for the IPMC, again formulating a set of

22

presumptive functional form to regress the amplitude results
obtained from the multiphysics model. These one-dimensional
regression models, provided in table 7, are then used to formu-
late the multiplicative decomposition model which is tested
against the concatenated data of our parametric studies.

We formulate the multiplicative model shown in
equation (3.7), which also features a reduced number of
regression coefficients due to the normalization of the indi-
vidual models

I@=&£ﬁ§u+&m+&M)
Bs + Belog (Il + B7) — 1 — 58H2>
. (Hﬁgﬂz T+ exp (-5 (I — A))

x (1+ Biollz + Boll3) (1+ BioIls + B 113)

614
1 1 II
X (1 + B3 <2 - HIO) ) - Oulhs

1+ Bi6llis + Bis113,
1+ Baolli7 < )

X 1+ 51119 + . (3.7

1+ Biolly7 + Bis1l3, Pulho 7

B
1T}
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Figure 27. Bar graph of multiplicative dynamic voltage sensor model performance.
The individual regression models are combined multiplicatively to obtain a single model for the dynamic voltage sensor response. The above graph
demonstrates the capability of this subproblem to multiplicative decomposition approach for high-dimensional regression modeling.

As before, we find the multiplicative decomposition is able
to capture the transduction behavior of the multiphysics model
with great accuracy (shown in figure 27). Here we obtain
the 72 and adjusted-r? as: r> = 0.99749 and rﬁdj =0.99690.
The above results do exhibit some error, specifically in the
largest values for sensing voltage. A more in-depth investig-
ation reveals the data points in question are those in which the
displacement amplitude is the driving II-group, and the errors
were not found in the initial one-dimensional model corres-
ponding to the Driving Displacement. This indicates that while
the current multiplicative decomposition approach is a power-
ful tool for formulating high-dimensional models for IPMC
transduction, more work is necessary to formulate a robust
model that is capable of correcting for errors that are intro-
duced in the process.

As before AD methods are leveraged to formulate a lin-
earization about fixed values for the II-groups, and the linear-
ized dynamic voltage response is computed as shown in (3.8)
wherein the necessary derivative terms from AD are provided
in table 8

oI,

i

Hg ~1lg0+ Z
H,‘G{H}

(II; = L p) .
{11},

(3.8)

This linearized model shows similar performance when
compared to the nonlinear multiplicative model (provided in
figure 28). As with the actuator model, the computation of the
partial derivatives is primarily done in order to conduct a kind
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Table 8. First partial derivatives for multiplicative dynamic voltage
sensor model.

Partial Partial

derivative Value derivative Value
g%f 2.6998 x 107° % 8.7715 x 10~°
% 2.1401 x 1073 g—ﬁ‘j 2.4250 x 1073
% 1.0220 x 107* ‘3%“: —1.1498 x 107°
ggi 1.2958 x 1074 ggz —7.2861 x 10~°
ggz —1.8397 x 107* ggi 4.1421 x 10*
ggz 6.1322 x 1073 ggi 2.0932 x 1077

of sensitivity analysis for the multiplicative model. Observing
the change in the multiplicative model to a 1% change in each
of its independent parameters using the derivatives obtained
by AD, we find the sensitivity results in table 9.

We find the model to be equally sensitive to a large num-
ber of II-groups; the Hydraulic Number, Aspect Ratio, Mobile
Charge Number, and Driving Displacement all feature 1%
sensitivity to changes in these parameters while the remaining
dimensionless groups are of an order of magnitude or more
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Figure 28. Bar graph of linearized multiplicative dynamic voltage sensor model.
The multiplicative model is linearized in a multivariant Taylor series fashion using the first partial derivatives obtained from AD methods.

Table 9. Sensitivity of dynamic voltage sensor response with
respect to each I1-group.

Percent Percent
Expression change (%) Expression change (%)
%% 1.8018 x 107! %’Eg—ﬁj 33376 x 1073
g;(; % 1.9490 x 107" gzz (Z—g‘j 1.8312 x 107!
%g—ij 1.0000 x 10° %g—g: 1.0000 x 10°
ﬁf;’ ggl“; 3.1698 x 10~ 11]]:;’ ggi 12377 x 107!
Eis gg;‘; 1.0000 x 10° EZ;’ ggﬁ 1.6211 x 1073
ﬁz‘;’ gg; 1.0000 x 10° 11]]:;’ ggi 2.5808 x 107!

less sensitive. These results fall in-line with our previous
discussion regarding the open-circuit voltage transduction
response. The Hydraulic Number exhibits a large sensitivity
due to IPMC mechanoelectrical transduction being driving
primarily by advective transport of the mobile ionic species.
The advective ionic redistribution induced by the Driving
Displacement, and for a given level of displacement the
Mobile Charge Number characterizes the amount of charge
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accumulation at the polymer-electrode interface where the
sensing potential is established.

4. Evaluating the predictive capabilities of the new
regression models

As a final objective we seek to evaluate the capability of
the regression models, equations (3.3) and (3.7), to predict
IPMCs in experimental settings. To this end, we take samples
of IPMCs fabricated in-lab and collect data on their dynamic
actuator displacement and voltage response and use the multi-
plicative regression models to fit the data. The regression mod-
els feature a great number of independent parameters (the II-
groups), not all of which are conveniently determined or even
controllable when fabricating IPMCs in-lab. For this reason,
typical experimental setups are only capable of manipulating
a subset of the independent parameters that have been used in
this model, which will be elaborated on for the actuator and
sensor experiments in the next sections.

4.1. Experimental setup

4.1.1. Dynamic cantilever actuator. To characterize the
IPMCs dynamic actuation response we use a laser displace-
ment sensor (Micro-Epsilon optoNCDT-1401) to monitor tip
deflection. A sinusoidal signal of known amplitude and fre-
quency is applied to the clamp electrodes in parallel with
the IPMC and DAQ (Keithley DAQ6510) using a function
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Function

Generator

Figure 29. Illustration of dynamic IPMC actuator experimental
setup.

The dynamic actuator amplitude is captured using a laser displacement sensor.
The input voltage to the IPMC clamps is fed into the DAQ along with the laser
displacement reads using a solid-state multiplexer for high capture rate.

generator (SIGLENT SDG1025). The displacement readings
as well as the applied voltage are logged in the DAQ using the
7710 solid-state Multiplexer (MUX) module card to achieve
a high data capture rate. An illustration of this experimental
setup is provided in figure 29.

By capturing the input and output simultaneously we
can process the data together and formulate the necessary
dimensionless groups for our analysis. In the case of the
dynamic actuator, we are able to control the input voltage,
input frequency, and IPMC free length. This allows us to
formulate/control the Driving Potential, Driving Frequency,
and Aspect Ratio for our dimensionless model. Note though
that the Driving Frequency is the product of the input fre-
quency and the diffusion timescale, and without knowledge
of the ionic diffusivity we are unable to fully nondimen-
sionalize the experimental results. Thankfully, we can formu-
late a mixed dimensional/dimensionless regression model that
leaves the regression coefficients multiplying the input fre-
quency as dimensional and the unknown diffusion will simply
be encoded into the regression coefficient.

The experimental data recorded in the DAQ is processed
through the same DFT algorithm that the dynamic multiphys-
ics model results were processed with, which extracts the
amplitude and frequency of the signal across. This data is
then nondimensionalized using the known free length, mem-
brane thickness, and thermal voltage. The dimensionless data
is binned according to a set of scaling and rounding opera-
tions. During the nondimensionalization of the data it is pos-
sible that two different combinations of free length and dis-
placement amplitude result in a dimensionless displacement
that are close enough to be binned together. This is done
because during the nondimensionalization process it is pos-
sible for some data points to nondimensionalize into values
that are close enough to be considered effectively the same
value. The bins collect these occurrences, and once the data
is binned the amplitude and frequency results in each bin are
averaged.
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4.1.2. Dynamic open-circuit voltage.  To characterize the
IPMCs dynamic voltage response we use a very similar setup
as for actuation. The laser displacement sensor is used to mon-
itor tip deflection, which is driven using a dynamic shaker
(Vibration Research VR-5200 shaker, Labworks Inc. pa-138
amplifier). The shaker is controlled via PC using an attached
accelerometer for feedback (Vibration Research VR-8500
Control System) and is calibrated beforehand for the IPMC
load. The clamp electrodes are connected to the DAQ along
with the laser displacement and logged using the MUX card
to achieve a high data capture rate. Again, an illustration of
sensor experimental setup is provided in figure 30.

Like in the case of the dynamic actuator, we are able to
control the input voltage, input displacement amplitude, and
IPMC free length. This allows us to formulate/control the
Driving Displacement, Driving Frequency, and Aspect Ratio
for our dimensionless model. Again, without the diffusion
timescale we are unable to fully nondimensionalize the exper-
imental results. We similarly formulate a mixed dimension-
al/dimensionless regression model that leaves the regression
coefficients multiplying the input frequency as dimensional
and hence account for the unknown diffusion timescale. The
experimental data recorded in the DAQ is again processed
through the DFT, nondimensionalized, binned, and averaged.
In both actuation and sensing experiments the IPMC samples
are rehydrated between each trial capture.

4.2. Modeling experimental data using computational
regression results

4.2.1. Actuator model.  The multiplicative decomposition
for dynamic actuators indicates that we may formulate a suit-
able regression model for this type of experiment as shown
below. The parameter /3 collects the effects of all other II-
groups that are unaccounted for in the experiment. A detailed
material characterization of the IPMC sample may provide
insight into the values of these II-groups, but ultimately
without the capability to vary these properties within a single
sample throughout the course of an experiment there is no need
to include them in a multiplicative regression model

B
)+53+1>‘

log (1+ 5w

The superscripted * indicates that the regression coef-
ficient is dimensional, and hence does not directly equate
with the corresponding coefficient in the previous analysis
of section 3.2. The experimental results for our actuation are
obtained by varying the free length, applied voltage, and fre-
quency of sinusoidal waveform. We present the results of
the experiments after nondimensionalization along with the
regression model after the ‘nlinfit’ routine was applied. The
nonlinear fitting used the same settings as for the earlier regres-
sion analysis. The experimental data is plotted along with 1
standard deviation in order to better understand the accuracy
of the regression model and is presented from four viewpoints
to aid in visualizing the data and fit.

The regression model fits the variations in experimental
data well, demonstrated in figure 31. We look to further

A = Bollg 117 < 4.1)
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Figure 30. Illustration of dynamic IPMC voltage sensor experimental setup.
The dynamic voltage sensor response is captured using the DAQ. The input displacement to the IPMC tip via a dynamic shaker is recorded with the laser
displacement sensor and fed into the DAQ along with clamp voltage using a solid-state multiplexer for high capture rate.

o éxperimental Data |
—=— 1 Standard Deviation
— = Regression Model

~ [
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o Experimental Data
—=— 1 Standard Deviation
* Regression Model

Figure 31. Multiplot of actuator experiment results.

The dynamic actuator amplitude as captured from the experimental setup is plotted along with the regression modeling results for the same data. The

experimental data is collected over many trials and nondimensionalized, then binned and averaged. In the plot the averaged data is plotted with bars of 1
standard deviation.

quantify the fit by analyzing how well the regression model
can predict values that would be reasonably expected to occur
within the experimental data. To formulate a metric for this, we

calculate the percentage of regression model points which fall
within three standard deviations of the experimental averages,
where nearly all of the experimental data would be expected
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Figure 32. Multiplot of voltage sensor experiment results.
The dynamic voltage sensor response as captured from the experimental setup is plotted along with the regression modeling results for the same data. The
experimental data is collected over many trials and nondimensionalized, then binned and averaged. In the plot the averaged data is plotted with bars of 1
standard deviation.

to reside. There are some experimental data points which have
only one sample in the corresponding bin and hence zero
standard devotion but removing these the regression model is
capable of predicting 75.9% of the data within three standard
deviation of experimental averages. We also find that most of
the error resides at the higher end of the Driving Voltage, and
hence indicates that the model may be failing to capture the
nonlinear behavior in relation to the applied voltage that was
not present in the multiphysics model. The calculated r* and
adjusted-r? are 0.83244 and 0.82047, respectively.

4.2.2. Sensor model.  For the sensor model we proceed in
nearly identical steps. With the dimensionless groups we are
able to influence with the experimental setup we can reason-
ably predict the following regression model, obtained from the
multiplicative model in section 3.3

II;s Biw+1

H = — .
o =ho Ils B5w? + Biw+ 1

4.2)

The superscripted * again indicates that the regression coef-
ficient is dimensional, and hence does not directly equate
with the corresponding coefficient in the previous analysis of
section 3.3. For our sensor experiments we vary the free length,
displacement amplitude voltage, and frequency of sinusoidal
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waveform. We present the results of the experiments after
nondimensionalization along with the regression model after
the ‘nlinfit’ routine was applied. The experimental data and
model are similarly presented from four viewpoints to aid in
visualizing the data and fit.

Again, we find that the regression model fits the variations
in experimental data well (see figure 32). Removing any data
points which have only one sample in the corresponding bin
we find that the regression model is capable of predicting
85.7% of the data within three standard deviation of experi-
mental averages. Here most of the error resides in the low fre-
quency data, with these experimental values having a broader
distribution that is attributed to the dynamic shaker not track-
ing the desired displacement profile for these slower speeds.
The calculated r? and adjusted-r2 are 0.93700 and 0.92440,
respectively.

5. Conclusion

In this work we have leveraged a new multiphysics modeling
framework which accounts for the coupled solvent/ion
transport to characterized IPMC transduction phenomena.
Using a nondimensionalized set of governing equations, we
have extensively explored and characterized the dimensionless
transduction response for IPMC actuators and sensors under
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static and dynamic loading. During this analysis we have
uncovered and described the counterintuitive effects of the
Maxwell Number and Osmotic Number on the actuator
response and their relation to boundary layer formation via the
Reciprocal Double Layer.

The dynamic actuation and voltage response were further
characterized using nonlinear regression models for the indi-
vidual II-group variations. These univariant regression mod-
els were combined under an assumption of multiplicative
decomposition of the multivariant response. These multiplic-
ative models showed great performance when compared to
the multiphysics model. Using the technique of AD these
nonlinear models were linearized and the partial derivat-
ives obtained were used to formulate sensitivities of the
transduction response with respect to each of the pertinent
II-groups.

Additionally, we presented a powerful new approach
to characterizing IPMC actuators and sensors. The hybrid
computational-experimental regression modeling allows for
complex nonlinear regression models to be discovered using
numerical experiments and used for interpreting physical
experiments and IPMC samples. The regression models
developed on the computational results demonstrated great
performance, which indicates that these models developed
in the computational domain can serve as models for inter-
preting real-world experimental results. Some final remarks
on the presented model. The underlying multiphysics frame-
work is based on an infinitesimal strain formulation with a
linear elastic material model. For this reason, the preceding
analysis must be taken with an understanding that the large
deformations observed are calculated under the infinitesimal
strain formulation and hence incur a degree of error. This
relates to our discussion on the errors in the experimental ana-
lysis for dynamic actuation, in that the dimensionless groups
which exhibited the most error was for large values of the
Driving Potential II;. The current model begins to degrade
from a fully nonlinear model for deformations in the range
of IIa =~ 0.3, or a displacement equal to 30% of the actuator
length. Furthermore, the regression models obtained from the
computational multiphysics results were formulated in a time-
dependent model. The frequency response extracted from this
model may not fully account for the frequency response and
any resonant frequencies in the mechanical model. An exten-
sion of this work to cast the dimensionless formulation into a
nondimensional frequency domain may be capable of extract-
ing such resonant responses for the actuator displacement,
blocking force, short-circuit current, and open-circuit voltage.
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