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Abstract

Ionic polymer—metal composite (IPMC) mechanoelectrical transduction is described with a
system of partial differential equations—the Poisson equation, the Nernst—Planck equation,
and the Navier equations for the displacements. Modeling of this system of four equations is
challenging due to the differences in the physical fields—namely, one physical field can be
very smooth while others have steeper gradients. When using the conventional finite element
method (FEM), the problem size in terms of number of degrees of freedom can be very large.
Additionally, it is challenging to find an optimal mesh due to the fact that the physical fields
are time dependent. Last but not least, due to the coupled nature of the system, it is necessary
to have a way to estimate the error to ensure the desired accuracy of the solutions. In this
work, we propose a novel hip-FEM modeling method for solving the system of equations.
hp-FEM is a modern version of the FEM that is capable of exponential convergence. It is also
demonstrated how the multi-meshing reduces the problem size while maintaining the
prescribed error limit. The solution domain that describes IPMC can be scaled without a
significant increase in the number of degrees of freedom and solution time. Additionally, PID
controller based time step optimization is incorporated. The model is implemented in Hermes,

which is a free hp-FEM solver.

(Some figures may appear in colour only in the online journal)

1. Introduction

Ionic polymer-metal composite (IPMC) consists of a thin
ionomeric polymer membrane. A commonly used material is
Nafion [1, 2]. Typically, the membrane is electrolessly coated
with an electrode such as platinum. The polymer membrane
contains fixed anions and solvent with freely movable cations,
so the overall charge of the material is balanced.

IPMCs have been widely studied for their potential
to serve as noiseless electromechanical transducers [3—11].
The advantages of IPMC over other electroactive polymer
actuators are low voltage bending, high strains (over 1%), and
the ability to work in wet environments.

While plenty of research on IPMC electromechanical
transduction has been carried out, the number of papers con-

0964-1726/13/125029+08$33.00

sidering the mechanoelectrical transduction or voltage/current
sensory properties of IPMC is much smaller. Regardless, a
number of applications such as devices for blood pressure and
pulse measurement [12], pressure transducers in the human
spine [13], and vibration sensing transducers [14] have been
proposed.

At the same time, there are various ways in which the
physics behind the mechanoelectrical transduction of IPMCs
is understood. Tadokoro et al proposed a model of ionic
polymers based on the ionic motion [15]. Other authors
explained the underlying causes of the transduction with
solvent fluxes and pressure gradients based on the standard
Onsager relations [16—18]. In such systems, the induced
electric field is proportional to the applied bending torque,
which causes a pressure gradient in the material. A different

© 2013 IOP Publishing Ltd Printed in the UK & the USA
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approach to describe the mechanoelectrical transduction is to
consider the electrostatic interaction within the polymer. The
model was first proposed by Nemat-Nasser and Li [19, 1].
While the charge sensing in this model is connected to ionic
dipoles that are induced in the polymer clusters, Farinholt and
Leo, based on the same field equations, presented a hypothesis
that the charge density on the surface of the polymer is
proportional to the induced stress [20]. Chen et al used the
same underlying equations as Farinholt and Leo, but expanded
the model and added the effects of electrode resistance [21].
This resulted in a compact, transfer-function representation of
the physics based model.

1.1. Motivation

Our ongoing research on the mechanoelectrical transduction
of IPMC materials has been focused on thorough under-
standing of the underlying physics. More precisely, from the
fundamental aspect, we have developed a physics based model
that is based on the boundary conditions that can be easily
measured and applied to reduce the number of unknown
parameters. From the engineering aspect, we have been
actively researching various methods to model the equations
efficiently. This paper focuses mainly on the engineering
aspect. After introducing the model of mechanoelectrical
transduction, we demonstrate in detail how the novel hp-FEM
method can be applied in modeling the phenomenon. IPMC
material is modeled via a multi-physics coupled problem
consisting of the Poisson and Nernst-Planck equations
(further abbreviated by PNP) and the Navier equations for
the displacement. These equations are used to calculate the
charge transport and resulting electromechanical transduction
using the hp-FEM (finite element method). The computing
power required for a full scale problem of the PNP coupled
to the Navier equations can be significant. Furthermore,
the calculated field shape and magnitudes depend on the
chosen material constants and also the material thickness—for
instance, the distance between the electrodes significantly
affects the transported charge near the electrodes and thus also
both the potential and cation concentration gradients. This
makes the choice of an optimal mesh for FEM calculations
problematic and is the reason why we are interested in
exploring adaptive algorithms—it is demonstrated how using
the novel Ap-FEM helps to keep the problem size small
in terms of the number of degrees of freedom (rDOF)
while automatically maintaining a pre-set maximum error of
the solution. Moreover, hp-FEM helps to keep the problem
geometrically scalable—there is no need to manually change
a mesh after changing problem parameters such as the
calculation domain dimensions. Additionally, it is shown how
employing a PID controller based time step adaptivity helps
to reduce the calculation time. The demonstrated method
is based on a study that was first presented at the SPIE
conference in San Diego [22].

2. IPMC mechanoelectrical transduction model

The underlying cause of the phenomenon of electrome-
chanical and mechanoelectrical transduction is induced ionic

Figure 1. IPMC electromechanical transduction model with the
formed field gradients.

current and resulting non-zero spatial charge in the vicinity of
the electrodes. The ionic current in the polymer is calculated
with the Nernst—Planck equation,

aa—f + V.- (=DVC — zuFCV¢ — uCAVVP) =0, (1)
where C is the cation concentration, p is the mobility of
the cations, D is the diffusion constant, F' is the Faraday
constant, z is the charge number, AV is the molar volume
which quantifies the cation hydrophilicity, P is the solvent
pressure, and ¢ is the electric potential in the polymer. The
Poisson equation governs the electric potential and has the
form

v =12 e

e
where ¢ is the absolute dielectric permittivity. The charge
density p = C — C, where C, is the local anion concentration.

Equation (1) is the main governing equation for
describing the transduction phenomena of the IPMC
materials. Besides the time derivative term, the equation
consists of three flux terms governed by different field
gradients, namely, the electric potential gradient V¢, the
concentration gradient VC, and the solvent pressure gradient
VP. These field gradients exist for both transduction types,
albeit with significantly different magnitudes.

Conceptual models of IPMC electromechanical and
mechanoelectrical transduction with the field gradients are
shown in figures 1 and 2, respectively. The potential gradient
V¢ has the opposite direction in the case of mechanoelectrical
transduction, because the ionic current is not governed by an
applied voltage but by a bending induced pressure gradient
VP.

The linear elastic material model is used to describe the
deformation of IPMC. In 2D Cartesian coordinates the Navier
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Figure 2. IPMC mechanoelectrical transduction model with the
formed field gradients.

equations take the form
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In the case of IPMC electromechanical transduction, Fp =
0 and F; can be expressed as a function of cation
concentration, F; = A(C — C,), where A is a constant [23].
For mechanoelectrical transduction, the body force can
be neglected and the bending is governed by appropriate
boundary conditions. The constants A and pu are Lame’s
constants

_ E - VE
C2(14v)’ T (14w (1 —2v)

where E is Young’s modulus and v is Poisson’s ratio.

"W )

Our research shows that although the provided equations
describe both transduction types of IPMC, some terms are
more prevalent than others for different transductions. For
instance, it is reasonable to neglect the third flux term in (1) in
the case of electromechanical transduction as it is very small
compared to the second term. Also, while the local cation
concentration can be expressed as a constant in the case of
electromechanical transduction, it plays an important role in
mechanoelectrical transduction where the field gradients are
significantly smaller.

In the following, coupling of the Navier equations and the
Nernst—Planck equation is demonstrated based on a simplified
model where C, = Cy is a constant and AVVP = (.

Figure 3. The calculation domain  C R? with boundaries
0.4 C 0.

3. Modeling approach

IPMC material is modeled via a multi-physics coupled
problem, consisting of the PNP system of equations coupled
to the Navier equations. A rectangular 2D domain Q C
R? with boundaries 9$2; 4 C 92 as shown in figure 3 is
considered. The height of the domain (boundaries 9€2; and
0€23) is varied from 0.2 to 1 mm whereas the length is fixed
to 1 mm in the calculations.
The simplified form of the Nernst—Planck equation (1) for
the mobile cations has the form
oC
m 4+ V.- (=DVC — uFCV¢) = 0. (6)
As there is no flow through the domain’s boundary,
equation (6) is equipped with a Neumann boundary condition
(BC)

—D= — uFCZ = 0. 7)

A positive constant voltage Vpos BC is prescribed on €21 and
a zero voltage BC on 0L23,

¢s0, =0. (8)

On the rest of the boundary, ¢ has zero normal derivatives,
and it is thus equipped with Neumann BCs

oo, _ 9o, _ 0 ©)
on on ’

For the Navier equations (3) and (4), the following Dirichlet
BCs are applied:

()baQ] = V 0S »
3

(10)

Ulyg, = U2y, = 0.

As no external forces are considered, zero Neumann BCs
are applied on 92 for the Navier equations. To make the
results easily reproducible, in the following the weak form of
equations (6), (2), (3), (4) is presented—the Jacobian and the
residual vector can be effortlessly derived from the weak form
for finite element calculations.

3.1. Dimensionless weak form of the equations

To simplify the notation, a dimensionless formulation of
the equations is used. The following new notations for the
independent variables x, y, t and for the dependent variables
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cation concentration C and electric potential ¢ are used [24]:

X=1, Y =2,
I I
tD OF
= —, = —, 11
ol Y= Rrr an
C U uj U 1753
C=—, = —, = —.
Co 1= 27T

Here Ap is the Debye screening length and € is its
dimensionless form and they are expressed as follows:

eRT AD

T . 12
2F2Cy l (12)

D —
For the dimensionless gradient, the following notation is used:

3 0
Vo= (—., — ).
<ax ay>

Thus, the dimensionless form of the PNP system of equations
is

13)

ac 5
37 eVic—€Vq - (cVap) =0 (14)
v2p= <! (15)
W="a
The boundary condition (7) has the form
0 0
_X_ 2y (16)
an an
The weak form of the Nernst—Planck equation is [25]
]
2 Jedx +e€ / Vyc « Vgvedx
Q01 Q
+ e/ c(Vqp - Vgv)dx = 0 17
Q

and the weak form of the Poisson equation is

1
/ Vg - Vgr¥dx — = |:/ cv?dx — / v""dX:| =0.(18)
Q 2¢7 Lo Q

The dimensionless weak formulation of the Navier equation
3)is

" AU, v v U, vl
1+ — X —=

1-2v) Jq 90X 09X 1-2v Jg 0Y 08X

1 [ aU, Yt aU, v

2 Jq aY oY X aY

1

+ +UC01A/(1—c)vU1dx=O. (19)

E Q

Notice that the LHS consists only of dimensionless constants
and variables and the displacements are governed solely by the
RHS term which consists of material properties and is also a
function of the cation concentration c,

14+v
E

fle) = ColA / (c — vY1dx.
Q

The function f(c) can be considered as the governing
term of IPCM electromechanical transduction in the weak

2.61e+03
2

2.09e+03

Figure 4. Example deformation of IPMC calculated with the
Hermes hp-FEM software package. The color indicates local
von-Mises stress.

formulation of the problem. Similarly, the dimensionless weak
form of the Navier equation (4) is

" U, avY2 " / AU, avY2
14+ — — X+ —— | —
1-2v) Jq 9y oY 1—2v Jg 80X 9Y

1 [ U, Y2 U, b2
+=- | — +
2 Jq 3X X

oY X
4. hp-FEM implementation, scalability, and
optimization

dx = 0.

(20)

The hp-FEM is a modern version of the finite element
method (FEM) that is capable of exponential convergence
(the approximation error drops exponentially as new degrees
of freedom are added during adaptivity) while standard
FEM can only attain algebraic (polynomial) convergence
rates which are much slower [26]. Hermes® is a free
and open-source C++ library that implements higher-order
finite elements approximations and adaptive hp-FEM. It
supports eight different adaptivity modes—three isotropic
and five anisotropic. It has been shown that for the
given problem, the isotropic adaptivities are rather ineffi-
cient [25]. The supported anisotropic refinement modes are
h-anisotropic (H_ANISO), hp-anisotropic-h (HP_ANISO_H),
p-anisotropic (P_ANISO), hp-anisotropic-p (HP_ANISO_P),
and hp-anisotropic (HP_ANISO). It must be noted that in
the case of HP_ANISO_H, only the element size is adapted
anisotropically whereas the polynomial degree is adapted
isotropically. The opposite holds true for HP_ANISO_P.

In multi-physics PDE systems such as PNP, one physical
field can be very smooth while others are not. If all the
fields are approximated on the same mesh, then unnecessary
refinements will be present in smooth areas where they are
not necessary. This can be very wasteful. Hermes implements
a novel adaptive multi-mesh hp-FEM [27-29] that makes it
possible to approximate different fields on individual meshes.

The PNP—Navier problem was implemented in Hermes
and a large number of calculations were carried out in order
to find the best adaptivity mode. Furthermore, multi-mesh
and single-mesh calculations were compared for CPU time
and problem size in terms of number of degrees of freedom
(nDOF). A deformation of IPMC calculated with Hermes is
illustrated in figure 4.

6 http://hpfem.org/hermes.
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Figure 5. Problem size with different adaptivity modes in the
multi-mesh configuration.

A number of comparative calculations showed that
multi-mesh results in the smallest problem size with relatively
small penalty to the computation time (or CPU time). Thus,
the multi-mesh configuration was used for all simulations
while the maximum relative error of a solution was fixed to
1.0%.

4.1. Advantages of anisotropic hp-adaptivity

The calculations were carried out with four differ-
ent anisotropic adaptivity modes—H_ANISO, HP_ANISO,
HP_ANISO_H, and HP_ANISO_P. It has already been shown
that the rest of the adaptivity types (all isotropic, P_.ANISO) do
not perform well for this type of multi-physics problem [25].
For instance, in case of the p-adaptivities, it is necessary to
know the problem and gradients rather well to start with a
suitable initial mesh or the error might never converge below
the pre-set limit; however, this would defeat the purpose of
the automatic adaptivity. Therefore, comparative calculations
of the PNP-Navier problem with H_.ANISO, HP_ANISO,
HP_ANISO_H, and HP_ANISO_P adaptivity modes were
carried out and both problem size (nDOFs) and CPU time
were recorded. Results for a 0.2 mm x 1 mm IPMC subjected
to 1 V are shown in figures 5 and 6. It can be clearly seen
that HP_ANISO adaptivity results in the best performance
compared to the other anisotropic adaptivity types. Based on
these results and also a number of other calculations that can
be found in [25] (PNP system only), HP_ANISO adaptivity
was chosen for the rest of the calculations in this work.

4.2. Geometry effects

Although the typical length of an IPMC is in the range
of 1 cm and above, the calculations were carried out for
1 mm long IPMC. It turns out that increasing the length of
the calculation domain will not result in significant penalty
either in problem size or in CPU time. For the most part, the

Physical time (s)

Figure 6. Problem time with different adaptivity modes in the
multi-mesh configuration.

Figure 7. 0.2 mm thick IPMC initial mesh.

Figure 8. 1.0 mm thick IPMC initial mesh.

gradients in the longitudinal direction are small—even in the
case where a potential drop along the boundaries 92 and
023 is considered.

On the other hand, very steep gradients form in the
thickness direction of IPMC. To study how hp-FEM performs
for different IPMC dimensions, calculations were carried out
for 0.2, 0.5, and 1.0 mm thick IPMCs. The initial mesh was
the same for each thickness (see figures 7 and 8).

Figure 9 shows that the problem size depends on the
domain thickness only slightly. This can be expected as
the major field gradients (Vqc and V4¢) still form near the
electrode boundaries. However, the CPU time does increase
noticeably with the thickness—see figure 10. To investigate
the reasons behind this, the number of adaptivity steps it
takes to reach the desired error level (figure 11 subplot) was
recorded at each time step (figure 11 main plot). Interestingly,
it takes almost twice as many steps to reach to the pre-set 1.0%
error for 1.0 mm IPMC compared to 0.2 mm IPMC.
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Figure 9. Problem size with final relative error at each time step for
0.2, 0.5, and 1.0 mm thick calculation domains.
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Figure 10. CPU time with final relative error at each time step for
0.2, 0.5, and 1.0 mm thick calculation domains.

Automatically refined meshes, field magnitudes, and
polynomial spaces were captured for 0.2 and 1.0 mm thick
IPMCs at ¢t = 0.1s to understand why the thicker IPMCs
require so many extra adaptivity steps (figures 12 and 13).
It can be seen that the displacement field calculation for
1.0 mm IPMC requires a considerably finer mesh and
higher polynomial degrees near d<2,—the effect of the fixed
boundary is far more significant for a thick IPMC than for
a 0.2 mm one with the same length. Refinements of the
y-directional displacement field occur near the corners and
inside the domain for the 1.0 mm IPMC and some elements
have a polynomial degree of 7. At the same time, the potential
field ¢ has a maximum polynomial degree of 4 and the meshes
have been refined only near the boundaries 921 and 923 for
both thicknesses, but the refinements are more significant near
0€21 for 1.0 mm IPMC.

Adaptive steps at each time step

20

Adaptive steps

0.0..0.5..1.0..1.5..2.0:.2.5...3.0

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Physical time (s)

Figure 11. Number of adaptivity steps with final relative error at
each time step for 0.2, 0.5, and 1.0 mm thick calculation domains.

This example demonstrates how the hp-FEM adaptive
algorithm can be beneficial in determining an optimal mesh
and polynomial space for such a dynamic multi-physics
problem. The use of a static mesh that is refined near the
boundaries can work for some cases, but comparison of
figures 12 and 13 shows how it might not be always sufficient
to get precise calculation results while maintaining a small
problem size.

4.3. Optimization

Although hp-FEM adaptive algorithms help to maintain a
relatively small problem size in terms of nDOF during a time
dependent calculation process, the CPU time can potentially
be very high due to a large number of adaptivity steps. This
is especially noticeable in the case of dynamic problems
where the base mesh (see figures 7 and 8) is loaded at the
beginning of each time step. To optimize the calculation time
of HP_ANISO, an adaptive time step control was employed.
The classical PID controller was used [25]. Since ¢, ¢, U;, and
U, change differently in time, the relative changes between
the solutions at different time steps were monitored,

”cn _ cn—l ||

no__

e e @D
" — "

n —_—

T T e 2
o —ur

ey = — 1 - (23)

Ui Al
oz — vy

ey, = ————=—. 24

b2 Al 9

The relative changes to control the time step were calculated
as follows:

n n n n n
e" = max{eg, €y, €y, eU2}~

(25)
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. Electric potential field (0.2 mm IPMC)
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Figure 12. 0.2 mm thick IPMC calculation snapshot at # = 0.1 s. Mesh and magnitudes of ¢ and U, (left); polynomial degrees of ¢ and U,
(right). The top left image also shows the domain boundaries as shown in figure 3.
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1 Electric potential field (1.0 mm IPMC)
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Figure 13. 1.0 mm thick IPMC calculation snapshot at # = 0.1 s. Mesh and magnitudes of ¢ and U, (left); polynomial degrees of ¢ and U,
(right). The top left image also shows the domain boundaries as shown in figure 3.

If e" < 8, where § > 0 is a defined tolerance, then the time
step for the next iteration is increased smoothly to

n—1 kp s\ k n—1y2 1kD
8r”+1=<e ) (_> [(e )] st (26)
el en enen—Z

where the parameters are [30]

kp = 0.075, k; = 0.175, kp = 0.01. (27)

The tolerance § was set to § = 0.25 in the current optimization
example. The HP_ANISO problem size and computing time
with and without the time step control are shown in figures 14
and 15 for 0.2 and 1.0 mm IPMCs. It can be seen that
the computing time was reduced more than two times when

the time step control was employed. At the same time, the
problem size was hardly affected at all.

5. Conclusions

In this work, an IPMC mechanoelectrical transduction model
was proposed. The Nernst—Planck—Poisson—Euler system
of equations based model was solved using the hp-finite
element method with an adaptive multi-mesh configuration,
implemented with the Hermes hp-FEM time dependent
adaptive solver. It was demonstrated that by using the
time dependent adaptivity, multi-mesh configuration, and
anisotropic hp refinements, the problem size remains very
small throughout the solving process while maintaining a
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Problem sizes with PID time step control
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Figure 14. Problem sizes of 0.2 and 1.0 mm thick IPMCs with and
without PID time step control.
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Figure 15. CPU times of 0.2 and 1.0 mm thick IPMCs with and
without PID time step control.

pre-set relative error of the solution. Furthermore, due to
hp-FEM automatic adaptivity, the problem is scalable for
different geometry configurations. Various IPMC thicknesses
were modeled and the problem size did not increase
significantly with change of the thickness and aspect ratio of
the calculation domain. However, the adaptivity can consume
a lot of CPU time. It was shown that calculation times can be
reduced more than a factor of two by employing a simple PID
controller based time step adaptivity.

In conclusion, by using hp-FEM with an adap-
tive multi-mesh configuration, a small problem size of
the Nernst—Planck—Poisson—Euler equation system can be
achieved for different geometry configurations while still
maintaining a prescribed precision of the solution.
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